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Abstract
We discuss Donaldson-Thomas (DT) invariants of torsion sheaves with 2 di-
mensional support on a smooth projective surface in an ambient non-compact
Calabi Yau fourfold given by the total space of a rank 2 bundle on the sur-
face. We prove that in certain cases, when the rank 2 bundle is chosen appro-
priately, the universal truncated Atiyah class of these codimension 2 sheaves
reduces to one, defined over the moduli space of such sheaves realized as tor-
sion codimension 1 sheaves in a noncompact divisor (threefold) embedded in
the ambient fourfold. Such reduction property of universal Atiyah class en-
ables us to relate our fourfold DT theory to a reduced DT theory of a threefold
and subsequently then to the moduli spaces of sheaves on the base surface us-
ing results in [15, 16]. We finally make predictions about modularity of such
fourfold invariants when the base surface is an elliptic K3.
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1. Introduction
This paper is motivated by two recent developments in Donaldson-Thomas the-
ory, namely the mathematical theory of Vafa-Witten invariants of complex sur-
faces constructed in [31, 32], [16, 15] and [19], and the construction [3, 4, 5] of
virtual cycle invariants for sheaves on Calabi-Yau fourfolds. In the approach of
[15, 31] the Vafa-Witten invariants of a smooth projective surface S are constructed
as reduced virtual cycle invariants of two dimensional sheaves on the total space
of the canonical bundle KS. In fact, the construction of loc. cit. is more general,
including equivariant residual invariants of two dimensional sheaves on the total
space Y of an arbitrary line bundle L on S. The starting point for the present study
is the observation that the total space X of the rank two bundle L⊕ KS ⊗ L
−1 is
a Calabi-Yau fourfold, which is at the same time isomorphic to the total space of
the canonical line bundle KY. This leads to the natural question whether the in-
variants constructed in [15, 31] for Y are related to fourfold Donaldson-Thomas
invariants. In fact such a correspondence has already been proven in [4] for the
case where Y is a compact Fano threefold, using a local Kuranishi map construc-
tion for fourfold Donaldson-Thomas invariants. The main goal of this paper is
prove an analogous correspondence for more general situations allowing Y to be
a quasi-projective threefold with a suitable torus action. As discussed in detail
below, the approach employed here is different, using the truncated Atiyah class
formalism of [27]. A second goal is to test the modularity conjecture for two di-
mensional sheaf counting invariants in the local fourfold framework. This will be
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carried out for a particular class of examples, where Y is the total space of certain
line bundles L over an elliptic K3 surface S.
Themainmotivation for this study resides inmodular properties of Donaldson-
Thomas invariants for sheaves with two dimensional support. This has been a
central theme in enumerative geometry starting with the early work of [17, 38, 39,
40, 42, 18] on torsion free sheaves on surfaces. It has been also studied intensively
for two dimensional sheaves on Calabi-Yau threefolds [13, 12, 36, 14, 34, 35]. Fur-
ther results on this topic include [19, 22, 23, 31]. As modularity is a natural conse-
quence of S-duality [37, 7, 6, 11], similar physical arguments predict that it should
be also manifest in the Donaldson-Thomas theory of two dimensional sheaves on
Calabi-Yau fourfolds. At the moment this question is completely open. This paper
essentially consists of two parts, as explained below.
1.1. General results. Let Y be a smooth quasi-projective variety of dimension d−
1, d ≥ 2, and let X be the total space of the canonical bundle KY. Let M be a
quasi-projective fine moduli scheme of compactly supported stable sheaves F on
X. Suppose that all sheaves, F , parameterized by M are scheme theoretically
supported on Y. The formalism of truncated Atiyah classes developed in [27],
yields two natural (unreduced) “deformation-obstruction theories”, aX : E
•
X → L
•
M
and aY : E
•
Y → L
•
M for the moduli spaceM. These are associated respectively
to deformations of sheaves, realized, respectively, as modules over the structure
rings of X and Y. As in [2], in the present paper an obstruction theory will be
an object E• of amplitude [−1, 0] in the derived category of the moduli space,
together with a morphism in derived category φ : E• → L•M such that h
0(φ) is
an isomorphism and h−1(φ) is an epimorphism of sheaves. Here L•M denotes the
[−1, 0] truncation of the full cotangent complex ofM as in [27]. The first general
result proven in this paper is
Theorem 1.1. (Proposition 3.2 and Proposition 3.6). There is a natural splitting in
Db(M): E•X ∼= E•Y⊕E
•∨
Y [1− d]. Moreover, the obstruction theory aX factors through
E•Y and there is a direct sum decomposition
aX = (aY , 0).
This shows that, under the above assumptions, the fourfold obstruction the-
ory of M admits a reduction to the threefold obstruction theory. Although this
is a natural statement, the proof of it, using the truncated Atiyah classes, is sur-
prisingly long. In particular, it uses an explicit calculation, Theorem 2.5, for the
relative Atiyah class of a product.
Using this result, the proof of Theorem 1.1 is then given subsequently in Sec-
tions 3.1 and 3.3, the main intermediate results being Propositions 3.2 and 3.6
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respectively. In particular, Propositions 3.6 is a more explicit restatement of Theo-
rem 1.1.
Applying Theorem 1.1, a reduced equivariant Donaldson-Thomas theory is con-
structed in Section 4 for two dimensional sheaves on certain local fourfolds. In sec-
tion 4, S is a smooth projective surface with nef canonical bundle, KS, equipped
with a polarization h = c1(OS(1)). It is also assumed that H
1(OS) = 0 and the
integral cohomology of S is torsion free. Given an effective divisor D on S, a four-
fold X is constructed as the total space of a rank two bundle KS(D) ⊕OS(−D).
The threefold Y is the total space of the line bundle L = KS(D) on S, which is
canonically embedded in X as a divisor.
As in [15] the topological invariants of a compactly supported two dimensional
sheaf F on X are completely determined by the total Chern class c(g∗F ) of the
direct image g∗F, where g : X → S is the canonical projection. In turn, the latter is
naturally given by a triple
(1) γ(F ) = (r(F ), β(F ), n(F )) ∈ Z⊕ H2(S,Z)⊕Z
The entry, r(F ) = rk(g∗F ), will be called the rank of F in the following. More-
over, since D is effective nonzero divisor, one easily shows (Corollary 4.3) that any
such h-stable sheaf F is scheme theoretically supported on Y ⊂ X. This yields a
natural identification of the moduli spacesMh(X,γ) ∼= Mh(Y,γ). Moreover, as
proven in [15, Proposition 2.4] and [31, Theorem 6.5] the latter has a reduced perfect
obstruction theory aredY : E
•red
Y → L
•
M. The detail of this construction is reviewed
in Section 4.2 for completeness. Then Theorem 1.1 implies:
Corollary 1.2. The fourfold obstruction theory aX : E
•
X → L•M admits a reduc-
tion to the reduced perfect obstruction theory aredY : E
•red
Y → L
•
M constructed in [15,
Proposition 2.4] and [31, Theorem 6.5].
Using this result, the reduced equivariant Donaldson-Thomas invariants for
two dimensional sheaves on X are defined by residual virtual integration in Sec-
tion 4.3. The next two sections, 5 and 6, are focused on explicit computations and
modularity conjectures for rank two invariants. As shown in [15, Section 3] and
[31, Section 7], there are two types of rank two torus fixed loci. The “type I” fixed
locus is isomorphic to the moduli space Mh(S,γ) of torsion free sheaves on S
with topological invariants γ. The “type II” fixed loci consist of sheaves F with
scheme theoretic support on the divisor 2S ⊂ Y, whose connected components are
naturally isomorphic to twisted nested Hilbert schemes, as reviewed in detail in
Section 5.1. By analogy with similar previous results [15, 19], universality results
for residual virtual integrals of type I and II are proven in Propositions 5.1 and
5.3. These are valid for any pair (S,D) as above. Explicit results and a modularity
conjecture are then obtained in Section 6 for elliptic K3 surfaces with D a positive
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multiple of the fiber class, D = mf .
1.2. Rank two results and conjectures for elliptic K3 surfaces. Let S be a smooth
generic elliptic K3 surface in Weierstrass form. By the genericity assumption, all
elliptic fibers are reduced and irreducible, and have at most nodal singularities.
Furthermore, the Mordell-Weill group is trivial and the Picard group of S is freely
generated by the fiber class F and the canonical section class σ. The Ka¨hler cone
of S then consists of real divisor classes h = tσ+ u f with t, u ∈ R, 0 < 2t < u.
Let D = mf , m ≥ 1, be a positive multiple of the elliptic fiber so that the local
fourfold X is the total space of OS(mf )⊕OS(−mf ). Moreover, let the topological
invariant (1) be of the form γ = (2, f , n) with n ∈ Z. The Bogomolov inequality,
proven in Lemma 6.6, shows that in this case the moduli spaceMh(Y,γ) is empty
for n < 0. Moreover, the global boundedness result proven in Lemma 6.7 shows
that there are no marginal stability walls associated to sheaves F with invariants
γ for
(2) 0 <
t
u
<
1
1+ 8n
.
Therefore for any fixed n ≥ 0 the equivariant residual Donaldson-Thomas invari-
ants DTh(X,γ) reach a stable limit, D∞(X,γ) ∈ Q(s) as the size of the elliptic
fibers decreases, keeping the size of the section fixed. Then let
Z∞(X, 2, f ; q) = ∑
n≥0
DT∞(X, 2, f , n)q
n−2 ∈ q−2Q(s)[[q]]
be the generating function of limit invariants. Clearly the above partition func-
tions splits into type I and type II contributions denoted by Z∞(X, 2, f ; q)I and
Z∞(X, 2, f ; q)I I respectively. Then the following result is proven in Section 6.3.
Proposition 1.3. The series Z∞(X, 2, f ; q)I belongs to Q(s)[[q]] ⊂ Q(s)[[q−1, q]]
and the following identity holds in the quadratic extension Q(s)[[q1/2 ]]:
(3) Z∞(X, 2, f ; q)I =
s−1
2
(∆−1(q1/2) + ∆−1(−q1/2)),
where ∆(q) is the discriminant modular form.
Moreover, Proposition 6.15 shows that all type II nonzero contributions vanish
for m even. At the same time for m odd, all nonzero type II contributions are
associated to nested Hilbert schemes without divisorial twists. Then the follow-
ing conjecture is inferred from the results of [31, Section 8] using the universality
result Proposition 5.3.
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Conjecture 1.4. Suppose m ≥ 1 is odd. Then
(4) Z∞(X, 2, f ; q)I I =
s−1
4
∆−1(q2).
Plan of the paper. The key theorem of the current article is the reduction The-
orem 1.1. We approach the problem by essentially proving a statement that the
universal (relative) Atiyah class of the (universal) sheaf F on the moduli space,
Mh(X,γ) of stable torsion sheaves F on X, with scheme theoretic support on Y,
has a reduction to the universal Atiyah class of the universal sheaf G onMh(Y,γ)
(which is isomorphic toMh(X,γ)) parameterizing stable sheaves G on Y (where
for all F ∈ Mh(X,γ) we have F ∼= i∗G , i : Y →֒ X). This will be done in Proposi-
tion 3.2. Our proof of Proposition 3.2 relies heavily on a certain splitting property
of the universal relative Atiyah classes on product schemes, as stated in Theorem
2.5. Hence, we start in Section 2 a detailed discussion of Atiyah classes on product
schemes which can be read independently from the rest of the paper. Then, in Sec-
tion 3 we use Theorem 2.5 to prove Proposition 3.2 and later on, as an application
of Proposition 3.2, we show in Proposition 3.6 that the reduction of Atiyah classes
as above, leads to a reduction in the level of deformation obstruction theories, as
stated in Theorem 1.1. The latter proves that in our current geometric setup the
Donaldson-Thomas invariants of fourfold X can be completely recovered from
those of threefold Y which, after being reduced, enjoy modularity property, dis-
cussions of which we have included in Sections 4, 5 and 6.
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2. Universal relative Atiyah classes on product schemes
As explained in the plan of the paper, this section is a self-contained account of
relative truncated Atiyah classes, the main result being Theorem 2.5 below.
2.1. Truncated Atiyah class of a scheme. Let W be an arbitrary scheme of finite
type over C and W ⊂ A a closed embedding in a smooth scheme A. As in [27,
Definition. 2.1], the truncated cotangent complex LW is the two term complex of
amplitude [−1, 0]
JW/J
2
W → Ω
1
A|W,
where JW ⊂ OA is the defining ideal sheaf of W ⊂ A. Let us denote by ∆W :
W → W ×W the diagonal morphism, by O∆W the extension by zero of the struc-
ture sheaf of the diagonal, and by I∆W ⊂ OW×W the ideal sheaf of the diagonal.
Then the following results are proven in [27, Lemma 2.2, Definition 2.3].
Lemma 2.1. (i) There is an exact sequence of OW×W-modules
(5) 0→ ∆W∗(JW/J
2
W)
τW−→I∆A |W×W
ξW−→I∆W → 0
where the morphism ξW is the natural projection.
(ii) Let ιW : I∆W → OW×W denote the canonical inclusion. Then there is a commuta-
tive diagram of OW×W-modules
(6) ∆W∗(JW/J
2
W)
τW
//
1

I∆A |W×W
ιW◦ξW
//
rW

OW×W
∆W∗(JW/J
2
W)
∆W∗(dW/A)
// (I∆A/I
2
∆A
)|W×W.
where the right vertical map rW is the natural projection and the bottom row is
naturally isomorphic to LW[1].
By construction, the top row of diagram (6) is quasi-isomorphic toO∆W . Hence,
the Diagram (6) determines a morphism αW : O∆W → ∆W∗LW[1]. The latter is the
truncated universal Atiyah class of W. According to [27, Definition2.1], the trun-
cated cotangent complex and truncated Atiyah class are independent of choice of
A. As shown in [27, Definition 2.3], an alternative presentation of the truncated
Atiyah class is obtained from the proof of Lemma 2.2 in loc. cit., as follows.
Lemma 2.2. (i) There is a canonical isomorphism
(7) I∆A |W×A
∼= I∆W⊂W×A
where the right hand side denotes the defining ideal sheaf for the closed embedding
∆W ⊂ W × A.
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(ii) The isomorphism (7) determines a further canonical isomorphism ofOW×A-modules
(8) (OW ⊠JW)⊗W×AO∆W
∼
−→∆W∗(JW/J
2
W)
and a natural injection
(9) OW ⊠JW →֒ I∆A |W×A
which fit in a commutative diagram of morphisms of OW×A-modules:
(10) OW ⊠JW


//

I∆A |W×A

(OW ⊠JW)⊗W×AO∆W
≀

νW
// I∆A |W×W
rW

∆W∗(JW/J
2
W)
∆W∗(dW/A)
//
τW
33❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤
(I∆A/I
2
∆A
)|W×W
Moreover, the two upper vertical arrows in the above diagram are the natural pro-
jections.
Remark 2.3. By a slight abuse of notation, in the above lemma ∆W indicates the canon-
ical closed embeddingW →֒ W× A as opposed to the diagonal embeddingW →֒W×W.
This notation will be consistently used throughout this section, the distinction being clear
from the context.
Next note the following immediate corollary of Lemma 2.2.
Corollary 2.4. The universal Atiyah class is equivalently defined by the commutative
diagram
(11) (OW ⊠JW)⊗W×AO∆W
νW
//
1

I∆A |W×W
ιW◦ξW
//
rW

OW×W
(OW ⊠JW)⊗W×AO∆W
rW◦νW
// (I∆A/I
2
∆A
)|W×W.
where the left column is restricted to W ×W. As in Lemma 2.1, the right vertical map is
the natural projection.
2.2. Atiyah classes on product schemes. Inmost applications to moduli problems
W will be a product scheme Z × T, where Z is a smooth quasi-projective variety
and T is a test scheme, or the moduli space. In the latter case, as shown in [27,
Thm. 4.1], the construction of the obstruction theory of the moduli space, uses
only the relative component αW/Z of the Atiyah class (as will be recalled below).
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The goal of the section is to prove Theorem 2.5 below, which relates αW/Z to the
Atiyah class αT of T.
To fix the notation, for any productW1 ×W2 of schemes over C let πWi , 1 ≤ i ≤
2, denote the canonical projections. Moreover, for any test scheme T let ZT = Z×
T and, given a morphism of schemes f : Z1 → Z2, let fT : (Z1)T → (Z2)T denote
the morphism f × 1T. The subscripts will be suppressed if T = Spec(C). Given
two complexes of sheaves C•1 ,C
•
2 on W1,W2, the tensor product π
∗
W1
C•1 ⊗ π
∗
W2
C•2
will be denoted by C•1 ⊠ C
•
2 . Similarly, the direct sum π
∗
W1
C•1 ⊕ π
∗
W2
C•2 will be
denoted by C•1 ⊞ C
•
2 . Some background results needed below have been recorded
in the Appendix A.
LetW = ZT where Z is a smooth complex quasi-projective variety and T is an
arbitrary quasi-projective scheme over C. Then there is a canonical splitting
(12) LZT
∼= ΩZ ⊞LT.
In the present context this splitting follows from equation (112) proven in Corol-
lary A.5, which shows that for any quasi-projective schemesW1,W2 there is a nat-
ural isomorphism
ρ¯W : I∆W1
/I2∆W1
⊠O∆W2 ⊕O∆W1
⊠ I∆W2/I
2
∆W2
∼
−→I∆W/I
2
∆W
.
Since T is quasi-projective, there is a closed embedding T ⊂ U into a smooth
quasi-projective scheme U. Hence one can pick A = ZU in the construction of the
Atiyah class, since Z is smooth. Then, setting W1 = Z and W2 = U in the above
equation yields the splitting (12).
The relative Atiyah class is the component αZT/Z : O∆ZT
→ ∆ZT∗(π
∗
TLT[1]) of
αZT with respect to this splitting. Using Corollary A.3, this is canonically identified
with a morphism
αZT/Z : O∆Z ⊠O∆T → O∆Z ⊠LT[1].
The notation can be preserved with no risk of confusion. Note also that the Atiyah
class of T is a morphism αT : O∆T → ∆T∗LT[1]. Then themain result of this section
is to relate the latter two classes as follows:
Theorem 2.5. Let Z, T be quasi-projective schemes over C with Z smooth. Then there
is a relation
(13) αZT/Z = 1O∆Z
⊠ αT.
The proof will use diagram (11) in Corollary 2.4 and will proceed in several
steps. Since T is quasi-projective, there is a closed embedding T ⊂ U with U
smooth quasi-projective. Moreover, as already noted below equation (12) one can
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set A = ZU in the construction of the Atiyah class since Z is smooth. Then dia-
gram (11) reads
(14) (OZT ⊠JZT)⊗ZT×ZU O∆ZT
νZT
//
1

I∆ZU |ZT×ZT
ιZT◦ξZT
//
rZT

OZT×ZT
(OZT ⊠JZT)⊗ZT×ZU O∆ZT
rZT◦νZT
// (I∆ZU/I
2
∆ZU
)|ZT×ZT ,
where the left hand column is restricted to ZT × ZT . The strategy to prove Theo-
rem 2.5 is to construct a suitable quasi-isomorphic model for the rows in the above
diagram, making relation (13) manifest. In order to facilitate the exposition, dia-
grams such as (14) will be regarded in an obvious way as quiver representations
in abelian categories of coherent sheaves. A map between two diagrams will be
a morphism of quiver representations i.e. a collection of morphisms between the
sheaves associated to the respective nodes which intertwine between the maps
belonging to the two representations. Then, as a first step, note the following
consequence of Corollary A.3.
Lemma 2.6. Diagram (14) is canonically isomorphic to
(15) O∆Z ⊠ ∆T∗(JT/J
2
T )
νZT
//
1

I∆ZU |ZT×ZT
ιZT◦ξZT
//
rZT

OZT×ZT
O∆Z ⊠ ∆T∗(JT/J
2
T )
rZT◦νZT
// (I∆ZU/I
2
∆ZU
)|ZT×ZT
Moreover, the morphism νZT in diagram (15) is determined by the commutative diagram
(16) OZ×Z⊠ (OT ⊠JT)


//

I∆ZU |ZT×ZU

O∆Z ⊠ ∆T∗(JT/J
2
T )
νZT
// I∆ZU |ZT×ZT .
where the top horizontal arrow is the natural injection induced by the isomorphism I∆ZU |ZT×ZU
∼=
I∆ZT⊂ZT×ZU and the vertical arrows are natural projections.
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Proof. Using equation (108) in Corollary A.3 it is straightforward to check that
there is a commutative diagram of morphisms of OZT×ZU-modules
(17) OZT ⊠JZT
∼
//

OZ×Z ⊠ (OT ⊠JT)

(OZT ⊠JZT)⊗ZT×ZU O∆ZT
∼
// O∆Z ⊠ ∆T∗(JT/J
2
T )
where the horizontal arrows are canonical isomorphisms and the vertical arrows
are natural projections. This follows from the basic properties of tensor products
using the canonical isomorphisms
JZT
∼= OZ ⊠JT, (OT ⊠JT)⊗T×U O∆T
∼= ∆T∗ (JT/J
2
T )
of OZU and OT×U-modules respectively. The details will be omitted. Moreover,
as shown in Lemma 2.2, the morphism νZT in diagram (14) is determined by the
commutative diagram
(18) OZT ⊠JZT


//

I∆ZU |ZT×ZU

(OZT ⊠JZT)⊗ZT×ZU O∆ZT
νZT
// I∆ZU |ZT×ZT
where the top horizontal arrow is the natural injection while the vertical arrows
are the natural projections. Diagram (16) follows immediately from (18) using
(17). q.e.d.
For the next step, recall the splitting (12) is determined by the canonical isomor-
phism
(19) ρU : I∆Z/I
2
∆Z
⊠O∆U ⊕O∆Z ⊠ I∆U/I
2
∆U
∼
−→I∆ZU/I
2
∆ZU
obtained in Corollary A.5. As also shown in loc. cit., there is a commutative
diagram
(20) I∆Z/I
2
∆Z
⊠O∆U ⊕O∆Z ⊠ I∆U/I
2
∆U
ρU
//
(0,1)

I∆ZU/I
2
∆ZU
γZU

O∆Z ⊠ I∆U/I
2
∆U
1
// O∆Z ⊠ I∆U/I
2
∆U
where γZU : I∆ZU/I
2
∆ZU
→ O∆Z ⊠ I∆U/I
2
∆U
is determined by the natural projec-
tion γZU : I∆ZU → O∆Z ⊠ I∆U .
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Now let
pZT = γZU |ZT×ZT : (I∆ZU/I
2
∆ZU
)|ZT×ZT → O∆Z ⊠ (I∆U/I
2
∆U
)|T×T.
and let qZT : I∆ZU |ZT×ZT → O∆Z ⊠ (I∆U/I
2
∆U
)|T×T be the composite map
I∆ZU |ZT×ZT
rZT
//
qZT **❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯
(I∆ZU/I
2
∆ZU
)|ZT×ZT
pZT

O∆Z ⊠ (I∆U/I
2
∆U
)|T×T .
Here rZT is the natural projection used in diagram (15). Then note that the canon-
ical projection LZT → OZ ⊠LT obtained from the splitting (12) is determined by
the commutative diagram
O∆Z ⊠ ∆T∗(JT/J
2
T )
1

rZT◦νZT
// (I∆ZU/I
2
∆ZU
)|ZT×ZT
pZT

O∆Z ⊠ ∆T∗(JT/J
2
T )
qZT◦νZT
// O∆Z ⊠ (I∆U/I
2
∆U
)|T×T.
As a result, Lemma 2.6 immediately implies:
Corollary 2.7. The relative Atiyah class αZT/Z is determined by the commutative dia-
gram
(21) O∆Z ⊠ ∆T∗(JT/J
2
T )
νZT
//
1

I∆ZU |ZT×ZT
ιZT◦ξZT
//
qZT

OZT×ZT
O∆Z ⊠ ∆T∗(JT/J
2
T )
qZT◦νZT
// O∆Z ⊠ (I∆U/I
2
∆U
)|T×T .
Note also that the Atiyah class of T is obtained by setting Z = Spec(C) in Corol-
lary 2.4. This yields the following commutative diagram
(22) ∆T∗(JT/J
2
T )
νT
//
1

I∆U |T×T
ιT◦ξT
//
rT

OT×T
∆T∗(JT/J
2
T )
rT◦νT
// I∆U/I
2
∆U
|T×T.
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where the bottom row is isomorphic to LT[1]. The map νT is determined by the
commutative diagram
(23) OT ⊠JT


//

I∆U |T×U

∆T∗(JT/J
2
T )
νT
// I∆U |T×T.
where the top horizontal map is the natural inclusion induced by the isomorphism
I∆U |T×U
∼= I∆T⊂T×U, and the vertical maps are natural projections.
As the next step in the proof of Theorem 2.5, it will be shown below in Lemma
2.9 that the domain of the relative Atiyah class is quasi-isomorphic to the three
term complex
(24) O∆Z ⊠ ∆T∗(JT/J
2
T )
1⊠νT
// O∆Z ⊠ I∆U |T×T
1⊠(ιT◦ξT)
// O∆Z ⊠OT×T.
This is an important step in the proof since it provides a direct connection with
the domain of the αT in diagram (23).
The starting point is the exact sequence of OZU×ZU-modules
(25) 0→ I∆Z ⊠OU×U
jZU−→ I∆ZU
γZU−−→ O∆Z ⊠ I∆U → 0,
which follows from Corollary A.4. The key idea is to gain some control over the
restriction I∆ZU |ZT×ZT by proving:
Lemma 2.8. The exact sequence (25) remains exact upon restriction to ZT × ZT .
Proof. First note that Corollary A.4 yields a second exact sequence of OZU×ZU-
modules
(26) 0→ I∆Z ⊠ I∆U
δZU−−→ I∆Z ⊞ I∆U
ρZU−−→ I∆ZU → 0.
As shown below, this sequence remains exact upon restriction to ZT × ZT. The
restriction of (26) to ZT × ZT is the exact sequence
(27) I∆Z ⊠ (I∆U |T×T) → I∆Z ⊞ (I∆U |T×T)→ I∆ZU |ZT×ZT → 0.
The second component of the first map from the left is
(28) ιZ ⊠ 1 : I∆Z ⊠ I∆U |T×T → OZ×Z⊠ I∆U |T×T
where ιZ : I∆Z → OZ×Z is the canonical injection. This is injective, as shown in
Lemma A.2 hence (27) is also left exact.
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Now, the restriction of (25) to ZT × ZT is the exact sequence
(29) I∆Z ⊠OT×T
φ
−→I∆ZU |T×T−→O∆Z ⊠ I∆U |T×T → 0.
where φ = jZU |ZT×ZT . Furthermore, by construction there is a commutative dia-
gram
I∆Z ⊠OT×T
1
//
(
1
0
)

I∆Z ⊠OT×T
φ

0 // I∆Z ⊠ (I∆U |T×T)
// I∆Z ⊞ (I∆U |T×T)
// I∆ZU |T×T
// 0.
where the bottom row is the restriction of (26) to ZT × ZT . Since the latter is exact,
using equation (28), the snake lemma yields a long exact sequence
0→ Ker(φ) → I∆Z ⊠ (I∆U |T×T)
ιZ⊠1−−−→ OZ×Z ⊠ (I∆U |T×T)→ · · · .
As noted above, ιZ ⊠ 1 is injective, hence (29) is also exact on the left. q.e.d.
Now recall that the domain of the Atiyah class in diagram (21) is the complex
O∆Z ⊠ ∆T∗(JT/J
2
T )
νZT−−→ I∆ZU |ZT×ZT
ιZT◦ξZT−−−−→ OZ×Z⊠OT×T.
Let
(30) 0→ I∆Z ⊠OT×T
ǫZT−−→ I∆ZU |ZT×ZT
ηZT−−→ O∆Z ⊠ I∆U |T×T → 0
denote the restriction of (25) to ZT × ZT and let
(31) 0→ I∆Z
ιZ−→OZ×Z
fZ
−→O∆Z → 0.
be the canonical exact sequence of the diagonal in Z× Z.
As claimed above equation (24), the next result proves that the domain of the
relative Atiyah class is indeed quasi-isomorphic to the complex (24).
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Lemma 2.9. There is a commutative diagram
(32)
0

0

I∆Z ⊠OT×T
ǫZT

1
// I∆Z ⊠OT×T
iZ⊠1

O∆Z ⊠ ∆T∗JT/J
2
T
1

νZT
// I∆ZU |ZT×ZT
ηZT

ιZT◦ξZT
// OZ×Z⊠OT×T
fZ⊠1

O∆Z ⊠ ∆T∗(JT/J
2
T )
1⊠νT
// O∆Z ⊠ I∆U |T×T
1⊠(ιT◦ξT)
//

O∆Z ⊠OT×T

0 0
with exact columns.
Proof. The middle column is the exact sequence (30). The exactness of the right
column follows from the exactness of (31) using Lemma A.2. The lower right
square is commutative since all the arrows in it are natural restrictions.
In order to prove that the lower left square is commutative, note that the maps
νZT , νT are determined by the commutative diagrams (17) and (23) respectively.
These are displayed again below for convenience:
(33) OZ×Z⊠ (OT ⊠JT)


kZT
//
aZT

I∆ZU |ZT×ZU
bZT

O∆Z ⊠ ∆T∗(JT/J
2
T )
νZT
// I∆ZU |ZT×ZT
OT ⊠JT

 kT
//
aT

I∆U |T×U
bT

∆T∗(JT/J
2
T )
νT
// I∆U |T×T
In each case the vertical arrows are canonical projections while the upper hori-
zontal arrow is a natural injection. Obviously, the second‘ diagram in (33) yields
ATIYAH CLASS AND SHEAF COUNTING ON LOCAL FOURFOLDS 16
a commutative diagram of OZT×ZU-modules
(34) O∆Z ⊠ (OT ⊠JT)

 1⊠kT
//
1⊠aT

O∆Z ⊠ (I∆U |T×U)
1⊠bT

O∆Z ⊠ ∆T∗(JT/J
2
T )
1⊠νT
// O∆Z ⊠ (I∆U |T×T)
Then the from Diagram (34) and the left diagram in (33) one obtains a diagram of
the form
(35)
OZ×Z⊠ (OT ⊠JT)


kZT
//
aZT

fZ⊠1
''
I∆ZU |ZT×ZU
bZT

γZU |ZT×ZU
zz
O∆Z ⊠ ∆T∗(JT/J
2
T )
1
++
νZT
// I∆ZU |ZT×ZT
ηZT
tt
O∆Z ⊠ (OT ⊠JT)

 1⊠kT
//
1⊠aT

O∆Z ⊠ (I∆U |T×U)
1⊠bT

O∆Z ⊠ ∆T∗(JT/J
2
T )
1⊠νT
// O∆Z ⊠ (I∆U |T×T)
where γU : I∆ZU → O∆Z ⊠ I∆U is the projection in (25). Since kZT , kT are natural
injections, the following relations hold
γZU |ZT×ZU ◦ kZT = (1⊠ kT) ◦ ( fZ ⊠ 1)
Moreover, since ηZT = γU|ZT×ZT and bZT , bT are natural projections, one also has
(1⊠ bT) ◦ γU|ZU×ZT = ηZT ◦ bZT .
Since aT , aZT are surjections, and two straight squares in the diagram (35) are com-
mutative, this implies
ηZT ◦ νZT = (1⊠ νT).
Finally, in order to prove that the upper right square is commutative, first note
that Lemma A.4 yields an exact sequence
0→ I∆Z ⊠OT×T
δZT−→ I∆ZT
γZT−−→ O∆Z ⊠ I∆T → 0.
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Then note the diagram
(36) I∆Z ⊠OT×T
ǫZT

1
// I∆Z ⊠OT×T
δZT
 ιZ⊠1
!!
❈❈
❈❈
❈❈
❈❈
❈❈
❈❈
❈❈
❈❈
❈❈
❈❈
❈❈
I∆ZU |ZT×ZT
ξZT
//
ιZT◦ξZT ++❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳
I∆ZT ιZT
((◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
OZ×Z⊠OT×T
Since all the maps involved are natural injections or projections, it is straightfor-
ward to check that the square and the triangles are commutative. This implies that
the outer polygon is also commutative. q.e.d.
Finally, the next lemma provides a relation between the target of the relative
Atiyah class αZT/Z and the target of αT.
Lemma 2.10. There is a further commutative diagram
(37)
O∆Z ⊠ ∆T∗(JT/J
2
T )
νZT
//
1
1
''
I∆ZU |ZT×ZT
rZT

ηZT
ww
O∆Z ⊠ ∆T∗(JT/J
2
T )
1
++
qZT◦νZT
// O∆Z ⊠ (I∆U/I
2
∆U
)|T×T
1
ss
O∆Z ⊠ ∆T∗(JT/J
2
T )
1⊠νT
//
1

O∆Z ⊠ I∆U |T×T
1⊠rT

O∆Z ⊠ ∆T∗(JT/J
2
T )
1⊠sT
// O∆Z ⊠ (I∆U/I
2
∆U
)|T×T
where sT = rT ◦ νT, and ηZT is the third map from the left in the exact sequence (30). In
particular, the following relation holds:
(38) qZT ◦ νZT = 1⊠ (rT ◦ νT).
Proof. The relation ηZT ◦ νZT = 1⊠ νT has already been proven in Lemma 2.8.
The rest follows from the fact that the rZT , rT and ηZT are natural projections.
q.e.d.
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2.3. Proof of Theorem 2.5. To summarize, Lemma 2.6 shows that the relative
Atiyah class αZT/Z is determined by the commutative diagram
O∆Z ⊠ ∆T∗(JT/J
2
T )
νZT
//
1

I∆ZU |ZT×ZT
ιZT◦ξZT
//
qZT

OZT×ZT
O∆Z ⊠ ∆T∗(JT/J
2
T )
qZT◦νZT
// O∆Z ⊠ (I∆U/I
2
∆U
)|ZT×ZT
Let AZT and CZT denote the top and the bottom row respectively. At the same
time the Atiyah class of T is determined by the diagram
∆T∗(JT/J
2
T )
νT
//
1

I∆U |T×T
ιT◦ξT
//
rT

OT×T
∆T∗(JT/J
2
T )
rT◦νT
// I∆U/I
2
∆U
|T×T.
Again, let AT and CT denote the top and the bottom row respectively.
Then Lemmas 2.8 and 2.10 show that there is a commutative diagram of com-
plexes
AZT
αZT/Z

∼
// O∆Z ⊠AT
1⊠αT

CZT
∼
// O∆Z ⊠ CT
where the top horizontal arrow is a quasi-isomorphism and the bottom row is a
canonical isomorphism. This proves the claim in Theorem 2.5. q.e.d.
3. Obstruction theory for sheaves on local Calabi-Yau varieties
This section serves as an interesting application of Theorem 2.5, providing the
foundations for a sheaf counting theory of local Calabi-Yau fourfolds. To begin
with, we start by discussing the particular moduli theory we are interested in this
article. Let Y be a smooth quasi-projective variety and let X be the total space of
the canonical bundle KY. Let i : Y → X denote the zero section. LetM be a quasi-
projective fine moduli scheme of stable sheaves, F , on X with proper support.
Suppose all sheaves F parameterized byM are scheme-theoretically supported
on Y. Then the goal of this section is to prove that the obstruction theory of M
as a moduli space of sheaves on X coincides with the obstruction theory ofM as
a moduli space of sheaves on Y. The precise statement is Proposition 3.6, which
relies on Proposition 3.2 and Theorem 2.5. The obstruction theory will be defined
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as in the work of Behrend and Fantechi [2] and the proof will use the formalism
of truncated Atiyah classes, which was discussed in the previous section.
In order to facilitate the exposition, the truncated Atiyah class will be referred
to simply as the Atiyah class below since no other variant will be used throughout
the paper. To fix notation, let Y = Y ×M, X = X ×M, and let us denote the
canonical embedding iY := i× 1M : Y → X . Let F denote the universal sheaf on
X 1 . Under the current assumptions, F is the extension by zero, F = iY∗G, of a
sheaf G on Y . The latter is also a universal sheaf on Y . Following the framework
of Section 2.2, as shown in [27], the relative Atiyah class αX/X of X , is given by
the morphism in the derived category
(39) αX/X : O∆X → ∆X∗(π
∗
ML
•
M[1]),
which determines a natural transformation between the Fourier-Mukai functors
Db(X ) → Db(X ) with kernels O∆X and ∆X∗(π
∗
ML
•
M[1]) respectively. Therefore,
given a sheaf F on X , the map (39) determines, by Fourier-Mukai transform, a
morphism
αX/X(F) : F → F⊗
L π∗ML
•
M[1].
This is the universal relative Atiyah class of F.
3.1. Comparison of relative Atiyah classes. Now let πX : X → X, πM : X →M,
ρY : Y → Y and ρM : Y →M denote the canonical projections.
Notation. For any scheme W over C the bounded derived category of W will be de-
noted by Db(W). For any two objects C1,C2 of D
b(W) let RHomD b(W)(C1,C2), and
RH omD b(W)(C1,C2) denote global and local derived Hom functors respectively. More-
over, for a morphism of schemes f : W → V let RH om f (C1,C2) denote the derived
pushforward R f∗RH omD b(W)(C1,C2).
The main goal of this section is to compare the relative Atiyah classes of F and
G,
αX/X(F) ∈ RHomD b(X )(F,F⊗
L π∗ML
•
M)[1],
αY/Y(G) ∈ RHomD b(Y)(G,G⊗
L ρ∗ML
•
M)[1],
1The moduli spaceM is in fact the coarse moduli space of an Artin moduli stack ofM of stable
sheaves. The latter is a C∗-gerbe overM since all stable objects have C∗-stabilizers, and hence a
universal sheaf F might not exist on X ×M globally. As explained in [33], below Theorem 3.30,
this issue can be ignored, as such a sheaf Fi exists locally on open subsets X × Ui ⊂ X ×M and
different local choices for Fi differ by twisting by line bundles Li pulled back from Ui. However
the direct image RH omπUi
(Fi,Fi) used in our construction remains invariant under twisting by
Li, and hence there is a unique global object RH omπM(F,F) on X ×M, independent of any
choices.
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defined in Section 2.2. First, note the following relations in the derived category
of X .
Lemma 3.1. Let Q be an object of Db(M). Then there is a natural isomorphism
(40)
RH omD b(X )(F,F⊗
L π∗MQ)[1]
∼= iY∗RH omD b(Y)(G,G⊗
L ρ∗MQ)[1]⊕
iY∗RH omD b(Y)(G⊗ ρ
∗
YK
−1
Y ,G⊗
L ρ∗MQ)
Proof. The projection formula [24, Prop. 5.6, Ch. II.5] yields an isomorphism
F⊗L π∗MQ
∼= iY∗(G⊗
L Li∗Yπ
∗
MQ),
where iY∗OY ∼= π
∗
Xi∗OY, hence Lemma A.2 implies that
(41) Li∗Yπ
∗
MQ
∼= i∗Yπ
∗
MQ
∼= ρ∗MQ
One is then left with an isomorphism
F⊗L π∗MQ
∼= iY∗(G⊗
L ρ∗MQ),
and the claim follows from Lemma A.1.
q.e.d.
In particular, setting Q = L•M in Lemma 3.1, and applying the derived functor
RΓD b(X ) to both sides of equation (40), one obtains a decomposition
(42)
RHomD b(X )(F,F⊗
L π∗ML
•
M)[1]
∼=
RHomD b(Y)(G,G⊗
L ρ∗ML
•
M)[1] ⊕
RHomD b(Y)(G⊗K
−1,G⊗L ρ∗ML
•
M),
where K = ρ∗YKY. The first main goal of this section is to prove:
Proposition 3.2. The components of αX/X(F) with respect to the direct sum decom-
position (42) are
(43) (αY/Y(G), 0).
Remark 3.3. A similar result has been proven by Kuznetsov and Markusevich in [28,
Theorem 3.2]. For completeness we will recall their theorem in here.
Theorem. [28, Theorem 3.2] Let i : Y → M be a locally complete intersection.
(i) For any F ∈ Db(Coh(Y)), the linkage class ǫF ∈ Ext
2(F ,F ⊗N ∨Y/M) is the
product of the Atiyah classAtF ∈ Ext
1(F ,F ⊗ΩY)with νY/M ∈ Ext
1(ΩY,N
∨
Y/M).
In other words ǫF =
(
1F⊗νY/M
)
◦AtF .
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(ii) For any G ∈ Db(Coh(M)) we have
AtLi∗G ∼= ρ∗ ((AtG )|Y) ,
where ρ∗ : Ext
1(Li∗G , Li∗G ⊗ΩM|Y) → Ext
1(Li∗G , Li∗G ⊗ΩY) is the pushout
via ρ : ΩM|Y → ΩY.
(iii) For anyF ∈ Db(Cor(Y)) the image of the Atiyah classAti∗F ∈ Ext
1(i∗F , i∗F ⊗
ΩM) inRHom
1(Li∗i∗F , i∗F ⊗ΩM) = H0(M, i∗(F∨)⊗F ⊗NY/M⊗ΩM|Y)
equals 1F ⊗ k where k = kY/M : N
∨
Y/M → ΩM|Y.
Note that the above theorem is a point-wise statement which uses the classical Atiyah
classes instead of universal Atiyah class over the moduli space. In this section we aim at
providing an analogous proof of part (iii), with the relative truncated Atiyah class αX/X in
place of the classical Atiyah class. The authors believe that lifting the proof of Proposition
3.2 to the one using the full un-truncated cotangent complex, is possible although, it might
be a big step involving difficult technicalities.
As in [28, Theorem 3.2], the proof will use the following commutative diagram,
where both squares are cartesian:
(44) Y
∆Y

1
// Y
ΓY

iY
// X
∆X

Y ×Y
iY×1
// X × Y
1×iY
// X ×X .
As shown in detail below, the successive application of the projection formula for
the maps 1× iY and iY × 1 will yield Equation (43). A central element in the proof
of Proposition 3.2 will be Theorem 2.5 proven in Section 2.2, which provides an ex-
plicit formula for the universal relative Atiyah class of X in terms of the universal
Atiyah class ofM. To begin with, note the following restriction Lemmas.
Lemma 3.4. (i) Let Q be an object of Db(M). Then the natural morphism L(1×
iY )
∗∆X∗π
∗
MQ → (1× iY)
∗∆X∗π
∗
MQ is an isomorphism in D
b(X × Y). More-
over there is a further isomorphism
(45) (1× iY )
∗∆X∗π
∗
MQ
∼= ΓY∗ρ
∗
MQ.
(ii) Let rY : X × Y → Y and pi,Y : Y × Y → Y , 1 ≤ i ≤ 2, denote the canonical
projections. There is a natural isomorphism
(46) L(iY × 1)
∗r∗YG
∼= p∗2,YG.
Proof. (i). Consider Diagram (47). Recall that X is the total space of the line
bundle K = ρ∗YKY on Y . Let qY : X → Y denote the natural projection, and let
ζ ∈ H0(X , q∗YK) denote the tautological section. Then X × X is the total space
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of the line bundle r∗YK on X × Y , such that the canonical projection is 1× qY :
X ×X → X ×Y .
(47) X ×X
1×qY
//
π1,X

X ×Y
rY

X
qY
//
πX

πM
$$❍
❍❍
❍❍
❍❍
❍❍
❍
Y
ρY

ρM
zz✈✈
✈✈
✈✈
✈✈
✈✈
M
X
q
// Y
Moreover, there is a canonical isomorphism (1 × qY )
∗r∗YK
∼= π∗1,X q
∗
YK which
identifies the tautological section of the former with π∗1,X ζ. Finally, the image
of the closed embedding 1× iY : X × Y → X ×X coincides scheme theoretically
with the zero locus of the tautological section π∗1,X ζ. This implies that the sheaf
(1× iY )∗OX×Y has a two term locally free resolution
π∗1,X q
∗
YK
−1
π∗X ζ
// OX×X
Taking the tensor product with ∆X∗π
∗
MQ, one obtains the two term complex
∆X∗(q
∗
YK
−1 ⊗ π∗MQ)
∆X∗(ζ⊗1)
// ∆X∗(π
∗
MQ)
However, the morphism ζ ⊗ 1 : q∗YK
−1 ⊗ π∗MQ → π
∗
MQ is injective ( as a mor-
phism in the category complexes, K(X )) since it has an injective restriction to
each fiber Xm, m ∈ M. This implies that all higher local Tor sheaves, resulting
from derived pullback of ∆X∗π
∗
MQ to X × Y vanish, and the natural projection
L(1× iY )
∗∆X∗π
∗
MQ → (1× iY )
∗∆X∗π
∗
MQ is an isomorphism as claimed.
In order to prove (45), note the canonical isomorphism
π∗MQ
∼= ∆∗X∆X∗π
∗
MQ.
This yields
ρ∗MQ
∼= i∗Yπ
∗
MQ
∼= i∗Y∆
∗
X∆X∗π
∗
MQ
∼= Γ∗Y (1× iY )
∗∆X∗π
∗
MQ.
Hence
ΓY∗ρ
∗
MQ
∼= ΓY∗Γ
∗
Y (1× iY )
∗∆X∗π
∗
MQ.
The right hand side of the above relation is further isomorphic to
(1× iY )
∗∆X∗π
∗
MQ/IΓY · (1× iY )
∗∆X∗π
∗
MQ
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where IΓY ⊂ OX×Y is the ideal sheaf associated to the closed embedding ΓY .
However, since the right square in (44) is cartesian, the pull-back (1× iY )
∗∆X∗π
∗
MQ
is annihilated by IΓY , hence one obtains an isomorphism
ΓY∗ρ
∗
MQ
∼= (1× iY )
∗∆X∗π
∗
MQ.
(ii). As shown in Lemma A.2, the pull-back r∗YG is flat over X . This implies the
claim.
q.e.d.
Lemma 3.5. Let
πi,X : X ×X → X , pi,Y : Y × Y → Y , 1 ≤ i ≤ 2,
and
rX : X × Y → X , rY : X ×Y → Y
denote the canonical projections. Let Q be an object of Db(M). Then there are isomor-
phisms
(48) p∗2,X iY∗F⊗
L ∆X∗(π
∗
MQ)
∼= (1× iY )∗(r
∗
YG⊗
L ΓY∗(ρ
∗
MQ))
in Db(X ×X ), respectively
(49) r∗YG⊗
L ΓY∗(ρ
∗
MQ)
∼= (iY × 1)∗(p
∗
2,YG⊗
L ∆Y∗(ρ
∗
MQ)).
in Db(X ×Y).
Proof. Note the commutative diagram
(50) X × Y
1×iY
//
rY

X ×X
p2,X

Y
iY
//
ΓY
WW
ρM $$❍
❍❍
❍❍
❍❍
❍❍
❍ X
∆X
WW
πMzz✈✈
✈✈
✈✈
✈✈
✈✈
M
where both squares are cartesian. Since F = iY∗G and p2,X is flat, there is an
isomorphism
p∗2,XF
∼= (1× iY )∗r
∗
YG.
Then the projection formula [24, Prop. II.5.6] yields an isomorphism
(51) p∗2,X iY∗F⊗
L ∆X∗(π
∗
MQ)
∼= (1× iY )∗(r
∗
YG⊗
L L(1× iY )
∗∆X∗(π
∗
MQ)).
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As shown in Lemma 3.4.i, the derived restriction L(1 × iY)
∗∆X∗(π
∗
MQ)) coin-
cides with the ordinary restriction and it is furthermore isomorphic to ΓY∗(ρ
∗
MQ).
Therefore (51) yields
(52) p∗2,XF⊗
L ∆X∗(π
∗
MQ)
∼= (1× iY)∗(r
∗
YG⊗
L ΓY∗(ρ
∗
MQ)).
Next note that
(53) ΓY∗(ρ
∗
MQ)
∼= (iY × 1)∗∆Y∗(ρ
∗
MQ)
since ΓY = (iY × 1) ◦ ∆Y . Using again the projection formula and Lemma 3.4.ii,
this further yields the isomorphism (49). q.e.d.
3.2. Proof of Proposition 3.2. By Theorem 2.5, the relative Atiyah class αX/X is
given by
αX/X = ∆X∗(π
∗
MαM) : ∆X∗(π
∗
MOM)→ ∆X∗(π
∗
ML
•
M[1]).
Using isomorphisms (48) and (49), and the functorial properties of the projection
formula, one obtains the commutative diagrams
(54) p∗2,XF⊗
L ∆X∗(π
∗
MOM)
1⊗αX /X
//
≀

p∗2,XF⊗
L ∆X∗(π
∗
ML
•
M[1])
≀

(1× iY )∗(r
∗
YG⊗
L ΓY∗ρ
∗
MOM)
f1
// (1× iY )∗(r
∗
YG⊗
L ΓY∗ρ
∗
ML
•
M[1])
and
(55)
r∗YG⊗
L ΓY∗(ρ
∗
MOM)
(1⊗ΓY )∗(ρ
∗
MαM)
//
≀

r∗YG⊗
L ΓY∗(ρ
∗
ML
•
M[1])
≀

(iY × 1)∗(p
∗
1,YG⊗
L ∆Y∗ρ
∗
MOM)
f2
// (iY × 1)∗(p
∗
2,YG⊗
L ∆Y∗ρ
∗
ML
•
M[1])
where in f1, f2 in the above diagrams denote the morphisms
f1 = (1× iY)∗((1⊗ ΓY )∗(ρ
∗
MαM)), f2 = (iY × 1)∗((1⊗ ∆Y )∗(ρ
∗
MαM)).
Furthermore, the left and right vertical arrows in the above diagrams are special-
izations of the isomorphisms (48) and (49) to Q = OM and Q = L
•
M[1] respec-
tively. Note also that ∆Y∗(ρ
∗
MαM) = αY/Y according to Theorem 2.5.
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Now consider the commutative diagrams
(56) Y ×Y
iY×1
//
p1,Y

X × Y
rX

Y
iY
// X
X ×Y
1×iY
//
rX

X ×X
p1,X

X
1
// X
Using again isomorphisms (48) and (49), one obtains successively
(57)
F⊗L π∗MQ
∼= Rp1,X∗(p
∗
2,XF⊗
L ∆X∗(π
∗
MQ))
∼= Rp1,X∗(r
∗
YG⊗
L ΓY∗ρ
∗
MQ)
∼= Rp1,X∗(iY × 1)∗(p
∗
2,YG⊗
L ∆Y∗(ρ
∗
MQ))
∼= iY∗Rp1,Y∗(p
∗
2,YG⊗
L ∆Y∗ρ
∗
MQ)
∼= iY∗(G ⊗
L ρ∗MQ)
for any object Q of Db(M). Then using diagrams (54) and (55) one obtains the
commutative diagram
(58) F
1

αX /X(F)
// F⊗L π∗ML
•
M[1]
≀

iY∗G
iY∗(αY/Y(G))
// iY∗(G⊗
L ρ∗ML
•
M[1])
where the left vertical arrow is the canonical isomorphism given by the projection
formula. This implies equation (43).
q.e.d.
3.3. Comparison of obstruction theories. The next step is to translate Proposition
3.2 into a statement on obstruction theories using [27, Theorem 4.1].
Using the canonical isomorphism
(59)
RHomD b(X )(F,F⊗
L π∗ML
•
M)[1]
∼= RHomD b(X )(RH omD b(X )(F,F),π
∗
ML
•
M)[1].
the relative Atiyah class αX/X(F) is identified with a map
(60) βX : RH omD b(X )(F,F)→ π
∗
ML
•
M[1].
In complete analogy, the relative Atiyah class αY/Y is also identified with a map
(61) βY : RH omD b(Y)(G,G)→ ρ
∗
ML
•
M[1].
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Since X is K-trivial, as in [27, Sect 4.2], Grothendieck-Verdier duality yields an
isomorphism
RHomDb(X )(RH omD b(X )(F,F),π
∗
ML
•
M[1])
∼= RHomD b(M)(RH omπM(F,F),L
•
M)[1− d].(62)
where d = dim(X). Therefore the relative Atiyah class is further identified with a
map
aX : RH omπM(F,F)[d− 1] → L
•
M.
As shown in [27, Thm. 4.1], this map is an obstruction theory for M, as defined
in [2, Definition 4.4].
Again, in complete analogy, the relative Atiyah class αY/Y(G) yields a second
obstruction theory
aY : RH omρM(G,G⊗K))[d− 2] → L
•
M,
where ρM : Y →M is the canonical projection, andK is the pull-backK = ρ
∗
YKY.
Moreover, as shown in Lemma 3.1 there is a natural isomorphism
(63)
RH omD b(X )(F,F)
∼=
iY∗RH omD b(Y)(G⊗K
−1,G)[−1]⊕ iY∗RH omD b(Y)(G,G).
This yields a decomposition
(64)
RH omπM(F,F)[d− 1]
∼=
RH omρM(G,G⊗K))[d− 2]⊕ RH omρM(G,G)[d− 1].
The goal of this section is to prove:
Proposition 3.6. The map aX has components aX = (aY , 0) with respect to the de-
composition (64).
Proof. Proposition 3.6 follows from Proposition 3.2 and identities similar to (59).
In addition to (64), Lemma A.1 also yields an isomorphism
(65)
RH omD b(X )(F,F⊗
L π∗ML
•
M[1])
∼=
iY∗RH omD b(Y)(G,G⊗
L ρ∗ML
•
M[1])
⊕ iY∗RH omD b(Y)(G ⊗K
−1,G⊗L ρ∗ML
•
M)).
This identity is canonically equivalent to
(66)
RH omD b(X )(RH omD b(X )(F,F), π
∗
ML
•
M[1])
∼=
iY∗RH omD b(Y)(RH omD b(Y)(G,G), ρ
∗
ML
•
M[1]) ⊕
iY∗RH omD b(Y)(RH omD b(Y)(G,G⊗K), ρ
∗
ML
•
M)
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Next, applying the global derived functor RΓD b(X ) to both sides of equation (66)
yields the isomorphism
RHomD b(X )(RH omD b(X )(F,F), π
∗
ML
•
M[1])
∼=
RHomD b(Y)(RH omD b(Y)(G,G), ρ
∗
ML
•
M[1]) ⊕
RHomD b(Y)(RH omD b(Y)(G,G⊗K), ρ
∗
ML
•
M)
Then Proposition (3.2) implies that
βX/X(F) : RH omD b(X )(F,F)→ π
∗
ML
•
M[1]
has components
(67) βX = (βY, 0)
with respect to the above decomposition, where βX, βY are the maps obtained in
equations (60), (61) respectively.
Now note that Li∗Yπ
∗
ML
•
M
∼= ρ∗ML
•
M, as shown in equation (41). This yields the
isomorphism
i!Yπ
∗
ML
•
M
∼= K ⊗ ρ∗ML
•
M[−1].
Then using Grothendieck-Verdier duality for the closed embedding iY : Y → X ,
identity (66) is further equivalent to
(68)
RH omD b(X )(RH omD b(X )(F,F), π
∗
ML
•
M[1])
∼=
RH omD b(X )(iY∗(RH omD b(Y)(G,G⊗K),π
∗
ML
•
M[2]) ⊕
RH omD b(X )(iY∗RH omD b(Y)(G,G),π
∗
ML
•
M[1]).
Finally, using Grothendieck-Verdier duality for the projection πM : X → M in
(68), one obtains the decomposition
(69)
RHomD b(M)(RH omπM(F,F), L
•
M)[1− d]
∼=
RHomD b(M)(RH omρM(G,G⊗K), L
•
M)[2− d] ⊕
RHomD b(M)(RH omρM(G,G), L
•
M)[1− d].
This is in fact the global version of (64). Then equation (67) implies that aX has
indeed components (aY , 0) with respect to decomposition (64).

4. Donaldson-Thomas invariants for sheaves on local fourfolds
In this paper, the main application of Theorem 1.1 is the construction of virtual
counting invariants of sheaves on a local Calabi-Yau fourfolds, which is presented
below.
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Let S be a smooth projective surface, let OS(1) be a very ample line bundle
on S and let h = c1(OS(1)). Throughout this paper it will be further assumed
that H1(OS) = 0 and that the integral cohomology of S is torsion free. In the
framework of Section 3 let Y be the total space of KS(D), where D ∈ Pic(S) be an
effective non-zero divisor on S. Then KY ∼= q
∗OS(−D), where πS : Y → S denotes
the canonical projection. Hence X is isomorphic to the total space of the rank two
bundle V = KS(D)⊕OS(−D) on S. Let g = πS ◦ q : X → S denote the canonical
projection.
4.1. Stable two dimensional sheaves. Let Cohc(X) denote the abelian category
of coherent sheaves on X with proper support. Since the projection g : X →
S is affine, for any such sheaf F the derived pushforward Rg∗F is isomorphic
to the ordinary pushforward, g∗F. Therefore using the Grothendieck-Riemann-
Roch theorem, the topological invariants of F are completely determined by the
total Chern class c(g∗F ) ∈ Heven(S,Z). Using Poincare´ duality on S, the latter is
canonically identified with an element of Heven(S,Z), which can be written as
(r(F )[S], β(F), n(F)[pt]) ∈ H4(S,Z)⊕ H2(S,Z)⊕ H0(S,Z).
Since the generators [S], [pt] are canonical, this is further identified with the triple
γ(F) = (r(F ), β(F), n(F)) ∈ Z⊕ H2(S,Z)⊕Z.
In particular r(F ) = rk(g∗F )will be informally referred to as the rank of F over
S in the following.
Next note that the polarization h determines naturally a stability condition on
Cohc(X) using the Hilbert polynomial
Ph(F ;m) = χ(F ⊗ g
∗OS(m)).
As in [26, Definition 1.2.4], F is h-(semi)stable if and only if F is pure, and
ph(F
′;m) (≤) ph(F ;m) m >> 0
for any proper nonzero subsheaf F ′ ⊂ F . Here ph(F ;m) denotes the reduced
Hilbert polynomial of F .
In terms of γ(F ) = (r(F ), β(F ), n(F )) the Hilbert polynomial reads
Ph(F ;m) =
r(F )h2
2
m2 + h ·
(
β(F ) +
r(F )c1(S)
2
)
)m+
β · (β+ c1(S))
2
− n(F ) + r(F )χ(OS).
Hence, for sheaves with r(F ) > 0,
ph(F ,m) =
m2 +
(
2h · β(F )
r(F )h2
+
h · c1(S)
h2
)
m+
2
r(F )h2
(
β · (β+ c1(S))
2
− n(F )
)
+
2χ(OS)
h2
.
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For any such sheaf F let
(70) µh(F ) =
h · β(F )
r(F )
, νh(F ) =
1
r(F )
(
β · (β+ c1(S))
2
− n(F)
)
.
ThenF is h-(semi)stable if and only if it is pure, and any nonzero proper subsheaf
F ′ ⊂ F satisfies
(71) µh(F
′) (≤) µh(F )
while in case of equality,
(72) νh(F
′) (≤) νh(F ).
Furthermore, as in [26, Definition 2.1.12], a pure sheaf F with r(F ) > 0 is
said to be µh-(semi)stable if and only if any nonzero proper subsheaf F
′ ⊂ F
with 0 < r(F ′) < r(F ) satisfies inequality (71). As usual, h-semistability implies
µh-semistability for any such sheaf.
Lemma 4.1. Let F be a pure compactly supported sheaf on X with r(F ) > 0. Then
F is µh-(semi)stable if and only if F ⊗ g
∗OS(−D) is µh-(semi)stable.
Proof. Note that for any compactly supported sheaf E on X with r(E) > 0 one
has
(73) µh(E ⊗ g
∗OS(−D)) = µh(E )− h · D,
Then the claim follows by a straightforward verification of the µh-(semi)stability
condition.

Corollary 4.2. Let F be a pure µh-semistable compactly supported sheaf on X with
r(F ) > 0. Then the following vanishing result holds
(74) Ext0X(F ,F ⊗ g
∗OS(−D)) = 0.
In particular this holds for all h-semistable sheaves F with r(F ) > 0.
Proof. Since F is µh-semistable, as shown in Lemma 4.1 above, F ⊗ g
∗OS(−D)
is also µh-semistable. Moreover, since D is effective and non-zero,
µh(F ⊗ g
∗OS(−D)) = µh(F )− h · D < µh(F ).
Then the claim follows from Theorem 1.6.6 and Proposition 1.2.7 in [26].

Corollary 4.3. Let F be a pure compactly supported µh-semistable sheaf on X such
that r(F ) > 0. Then F is scheme theoretically supported on Y, and as a sheaf on Y, the
following holds:
(75) Ext3Y(F ,F ) = 0.
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In particular this holds for all h-semistable sheaves F with r(F ) > 0.
Proof. Note that Y ⊂ X is the zero locus of the tautological section
ξ ∈ H0(X, g∗OS(−D)).
In order to prove the first claim it suffices to show that the morphism
1F ⊗ ξ : F → F ⊗ g
∗OS(−D)
is identically zero for any sheaf F as in Lemma 4.3. This follows from the first
vanishing result in (74).
The vanishing result (75) follows by Serre duality for compactly supported
sheaves, noting that KY ∼= π
∗
SOS(−D) ≃ g
∗OS(−D)|Y .

4.2. Reduced obstruction theory. As explained in Section 3.3, the moduli space
M has two natural obstruction theories, associated to deformations of sheaves on
X and Y ⊂ X respectively. Using the Atiyah class formalism of [27, Thm 4.1],
these are given by the maps
(76) aX : RH omπM(F,F)[3] → L
•
M
and
(77) aY : RH omρM(G,G⊗ ρ
∗
YKY))[2] → L
•
M
respectively. As in Section 3, here πM, ρM denote the canonical projections X ×
M → M and Y ×M → M respectively. The projections onto the X and Y
factors will be respectively denoted by pX and ρY. Proposition 3.6 shows that
the first obstruction theory splits as a direct sum aX = (aY, 0) with respect to the
decomposition (64), which in the present case reads
(78)
RH omπM(F,F)[3]
∼=
RH omρM(G,G⊗ ρ
∗
YKY)[2]⊕ RH omρM(G,G)[3].
In particular the obstruction theory (76) ofM as a moduli space of sheaves on X
can be naturally truncated to the (77) without any loss of information. This result
is similar to [4, Lemma 6.4], except that here it is proven for global obstruction
theories as opposed to local complex analytic Kuranishi maps.
The next observation is that the obstruction theory (77) can be further truncated
as shown in [27, Section 4.4]. Namely, Grothendieck duality for the projection
ρM : Y →M yields an isomorphism
(79) RH omρM(G,G⊗ ρ
∗
YKY))[2]
∼= RH omρM(G,G)
∨[−1].
There is also a natural map of complexes
OM → RH omρM(G,G)
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which restricts to the identity map on each fiber Ym,m ∈ M. The cone of this map
defines the truncation τ≥1RH omρM(G,G). Moreover, using the vanishing result
(75), the global version of Nakayama’s lemma [27, Lemma 4.2] yields a further
truncation τ[1,2]RH omρM(G,G) of amplitude [1, 2]. As shown in [27, Sect. 4.4]
the map (77) also admits a truncation
(80) τ[−1,0]aY : (τ
[1,2]RH omρM(G,G))
∨[−1] → L•M
which is still an obstruction theory for M. Moreover, this obstruction theory is
perfect i.e. it admits a two term locally free resolution. However, as observed
[15], [31], the resulting virtual cycle invariants would be identically zero since the
obstruction sheaf induced by the above obstruction theory contains a trivial direct
summand. This problem is solved in loc. cit. by constructing a reduced perfect
obstruction theory.
More precisely, it is shown in [15, Proposition 2.4], and [31, Theorem 6.1, Theo-
rem 6.5] that there is a further splitting
(81) τ[−1,0]aY = (a
red
Y , 0) :
(τ[1,2]RH omρM(G,G))
∨[−1]⊥
⊕
ρM∗(π
∗
SKS)[2]
→ L•M,
where πS : S×M → M is the natural projection. Furthermore, it is also proven
in loc. cit. that the map
(82) aredY : (τ
[1,2]RH omρM(G,G))
∨[−1]⊥ → L
•
M
is still a perfect obstruction theory for M, hence it yields a reduced virtual cycle
[M]virred.
As stated in Corollary 1.2, it is now clear that the fourfold obstruction theory
(76) admits a reduction to (82), which is moreover perfect.
4.3. ReducedDonaldson-Thomas invariants. The Donaldson-Thomas invariants
for sheaves on X can be naturally defined by integration against the reduced vir-
tual cycle associated to (82), provided that compactness issues are properly ad-
dressed. Again, this is similar to [4, Theorem 6.5], although the logic employed
here is slightly different.
In the present situation, compactness issues are easily addressed using the nat-
ural torus action T×Y → Y which scales the fibers of the line bundle KS(D) with
weight +1. Clearly, this admits a lift to a torus action on X scaling the fibers of
KS(D) ⊕OS(−D) with weights (+1,−1). The fixed point set coincides with the
zero section, S ⊂ Y, which is obviously proper. This implies that the induced ac-
tion T×M→M on the moduli space has proper fixed locusMT. Furthermore,
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by the virtual localization theorem [21], the fixed locus has an induced reduced
virtual cycle, [MT]virred, and an equivariant virtual normal bundle
(83) N vir =
(
τ[1,2]RH omρM(G,G)|MT
)m
.
Here the superscript m denotes the moving part with respect to the torus action.
Then the equivariant residual Donaldson-Thomas invariants of X are defined by
(84) DTX(γ) =
∫
[MT]virred
1
eT(N vir)
.
5. Rank two invariants and universality
The goal of this section is to prove certain universality properties of the equi-
variant residual invariants (84) for rank r = 2. The surface S will be subject to the
same conditions as listed in the beginning of Section 4.
5.1. Rank two fixed loci. Let S be a smooth projective surface as in Section 4 and
h = c1(OS(1)) a polarization on S. Note that under the current assumptions
the natural map Pic(S) → H2(S,Z) is an isomorphism, hence the lattices will be
implicitly identified in the following. Moreover, since H1(OS) = 0 and element
β ∈ H2(S,Z) determines a unique line bundle on S up to isomorphism.
Now let γ = (2, β, n) with β ∈ H2(S,Z) and n ∈ Z and letM =Mh(Y,γ). Let
Mh(S,γ) be the moduli space of h-stable torsion free sheaves on S with topologi-
cal invariants γ. For simplicity, in this section set L = KS(D).
The rank two torus fixed loci in the moduli spaceMh(Y,γ)were determined in
[15, Section 3] and [31, Section 7]. This section will review the main points using
the approach of [15, Section 3]. As shown in loc. cit., for arbitrary rank r ≥ 1
the torus fixed loci in the moduli spaceM are classified by partitions λ of r. For
a given partition λ = (λ1 ≤ λ2 ≤ · · · ≤ λℓ(λ)) the corresponding fixed locus
consists of sheaves F such that the torsion free sheaf E = q∗F has a character
decomposition
E ∼=
ℓ(λ)−1⊕
i=0
E−i ⊗ t
−i,
where E−i is a rank λi+1 torsion free sheaf on S for each 0 ≤ i ≤ ℓ(λ). Here
t denotes the trivial equivariant line bundle on S equipped with the weight one
action of T = C× on each fiber. Moreover, since
q∗OY ∼=
∞⊕
i=0
L−i ⊗ t−i
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the OY-module structure of F is specified by a collection of morphisms of OS-
modules
ψi : E−i → E−i−1⊗ L.
In particular, for r = 2 one obtains two types of components corresponding to
λ = (2) and λ = (1, 1) which will be called type I and type II respectively. The
union of type I fixed loci will be denoted byMT
(2)
while the union of type II fixed
loci will be denoted byMT
(1,1)
. As shown in [15, Proposition 3.2] there is a natural
isomorphism of schemes
(85) MT(2)
∼= Mh(S,γ).
Moreover, as shown in [15, Proposition 3.8], the type II fixed locus is isomorphic
to a union of nested Hilbert schemes on S. Using the notation of loc. cit., given
a pair of curve classes (α1, α2) ∈ H
2(S,Z)⊕2 and a pair of integers (n1, n2) ∈ Z
2,
n1, n2 ≥ 0, let S
[n1,n2]
(α1,α2)
be the nested Hilbert scheme parametrizing flags of twisted
ideal sheaves
I1 ⊗ L1 ⊂ I2 ⊗ L2
where I1, I2 are ideal sheaves of zero dimensional subschemes of S of length n1, n2
respectively, and L1, L2 are line bundles on S with c1(Li) = −αi, 1 ≤ i ≤ 2. Note
in particular that the curve class α2 − α1 must be effective or zero, which will be
indicated by α2 − α1  0. Then the type II fixed locus is isomorphic to
(86) MT(1,1)
∼=
′⋃
β1+β2=β
β2+c1(L)−β10
′⋃
n1,n2≥0
n1+n2+β1·β2=n
S
[n1,n2]
(β1 ,β2+c1(L))
where the ′ superscript indicates that the union in the right hand side is subject to
the following additional constraints:
(I I.a) If β2 + c1(L)− β1 = 0 then n1 ≥ n2, and
(I I.b) h · β2 < h · β1.
Using the virtual localization theorem, the residual Donaldson-Thomas invari-
ant DTh(X,γ) then splits as a sum
DTh(X,γ) = DTh(X,γ)I + DTh(X,γ)I I .
The type I contributions are determined in [15, Proposition 3.2 and Corollary 3.3]
while the type II contributions are determined in [15, Proposition 3.11 and Corol-
lary 3.13]. In order to write down the resulting formulas, it will be convenient to
adopt the following notation conventions for any component T of the fixed locus,
of type I or II.
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Notation. Let π : S × T → T denote the canonical projection and let RH omπ
denote the derived functor Rπ∗RH om. Moreover, the pull-back of any sheaf M on S to
S× T will be denoted again by M for simplicity. The distinction will be clear from the
context.
For type I components, let E denote the universal sheaf on S×Mh(S,γ). Note
also thatMh(S,γ) has a natural trace-free virtual cycle [Mh(S,γ)]
vir
0 , as shown in
[27, Theorem 4.1]. Then Proposition 3.2 and Corollary 3.3 of [15] prove:
(87) DTh(X,γ)I =
∫
[Mh(S,γ)]
vir
0
1
e (RH omπ(E,E⊗ L · t))
,
where L · t denotes L⊗ t for simplicity.
In order to write down the type II contributions, note that for any pair (α1, α2)
and for any (n1, n2) the nested Hilbert scheme S
[n1,n2]
(α1,α2)
is naturally isomorphic to
the nested Hilbert scheme S
[n1,n2]
(0,α2−α1)
since H1(OS) = 0. The latter will be denoted
below by S
[n1,n2]
α , where α = α2− α1. For n1 = 0 this reduces to the Hilbert scheme
of one dimensional subschemes Z ⊂ S with
c1(OZ) = α, c2(OZ) = n2.
For n2 = 0 and α = 0, one obtains the usual Hilbert scheme S
[n1] of n1 points on S.
Moreover note that there are natural projections
S
[n1,n2]
α → S
[n1], S
[n1,n2]
α → S
[n2]
α .
Therefore any equivariant sheaf or complex of sheaves F on S[ni] or S× S[ni], 1 ≤
i ≤ n has a canonical pull-back to S[n1,n2]α or S× S
[n1,n2]
α respectively. For simplicity
the pull-back will be denoted again by F. In particular, using these conventions,
the universal flag on S × S[n1,n2]α will be given by I
[n1] ⊂ I [n2]α where I
[n1], I [n2]α
are obtained by pulling back the universal objects from S × S[n1] and S × S
[n2]
α
respectively.
Employing the above conventions, for any line bundleM on S and any non-zero
integer a ∈ Z, a 6= 0, let
Q
[n1,n2]
α (M, a) =
(as)χ(M)
e(RH omπ(I [n1], I
[n2]
α ⊗M · t−a)
.
Again, M · t−a denotes M⊗ t−a while s = c1(t) is the equivariant first Chern class
of T, commonly referred to as the equivariant parameter. For any integer n ≥ 0
let also TS[n] denote the tangent bundle to the Hilbert scheme S
[n]. Moreover, as
shown in [16, Theorem 1], note that the nested Hilbert scheme has an intrinsic
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virtual cycle [S
[n1,n2]
α ]
vir. Then the formula derived in Proposition 3.11 and Corol-
lary 3.13 in [15] for the residual contribution of a component of the fixed locus
T ∼= S
[n1,n2]
α reads
(88)
DT
[n1,n2]
α =
(−1)−c1(L)·α+c1(L)·c1(S)/2+3c1(L)
2/2
2χ(L
2)(−s)χ(L2)+χ(L)−χ(L−1)∫
[S
[n1,n2]
α ]vir
(
e(T
S[n1]
⊗ L · t) e(T
S[n2]
⊗ L · t)Q
[n1,n2]
α (KS ⊗ L
−1,−1)
Q
[n1,n2]
α (KS ⊗ L
−1,−1)Q
[n1,n2]
α (L
−1,−1)Q
[n1,n2]
α (K2 ⊗ L
−2,−2)−1
)
.
5.2. Universality results. As shown in [15, Proposition 4.4], using Muchizuki’s
wallcrossing formula [29, Theorem 1.4.6] the type I contributions in (87) are ex-
pressed in terms of Seiberg-Witten invariants coupled with certain combinatorial
coefficients. The resulting formula is reviewed below.
Mochizuki’s combinatorial coefficients are written in terms of equivariant inte-
grals on products of Hilbert schemes of points on S. The equivariant structure is
defined with respect to a torus T′ = C× which acts trivially on S and its Hilbert
schemes. One should make a clear distinction between T′ and the torus T used
above in virtual localization computations, which are completely unrelated. In
fact the T′ action has its origin in a torus action on the master space used in the
proof of [29, Theorem 1.4.6], which is not manifestly used in this paper. Let t′ de-
note the trivial line bundle on S with the C×-action of weight 1 on the fibers and
let s′ := c1(t
′). Below let π′ denote the projection
S× S[n1] × S[n2] → S[n1] × S[n2].
Then for any α ∈ H2(S,Z) let Lα be a line bundle on S with c1(Lα) = α and let
V
[ni]
Lα
:= π′∗
(
O
Z [ni]
⊗ Lα
)
.(89)
Note that Lα and hence V
[ni]
Lα
are uniquely determined by α up to isomorphism
since H1(OS) = 0. Moreover, for any equivariant sheaf E on S× S
[n1] × S[n2] let
P(E ) = e(−RH omπ′(E , E ⊗ L · t))
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Then, following Mochizuki, for any pair of effective curves classes (β1, β2) ∈
H2(S,Z)⊕2 such that β = β1 + β2 let the coefficients A(γ, β1, β2) be defined by
A(γ, β1, β2) :=
∑
n1+n2=
n−β1·β2
∫
S[n1]×S[n2]
Ress′=0

 e
(
V
[n1]
Lβ1
)
· P
(
I
[n1]
Lβ1
· t′−1 ⊕ I
[n2]
Lβ2
· t′
)
· e
(
V
[n2]
Lβ2
· t′2
)
(2s′)n1+n2−pg ·Q
(
I [n1]Lβ1
· t′−1, I [n2]Lβ2
· t′
)

 .
where
Q
(
I
[n1]
Lβ1
· t′−1, I
[n2]
Lβ2
· t′
)
=
e
(
−RH omπ′
(
I [n1]Lβ1
· t′−1, I [n2]Lβ2
· t′
)
− RH omπ′
(
I [n2]Lβ2
· t′, I [n1]Lβ1
· t′−1
))
.
Then the following formula is proven in [15, Proposition 4.4]:
(90) DTh(X,γ)I = − ∑
β1+β2=β
β1·h<β2·h
SW(γ1) · 2
2−χ(v) · A(γ1,γ2, v;P1 ∪ α).
where the sum in the right hand side is over all decompositions β = β1 + β2 with
β1, β2 effective curve classes.
By analogy with a result of Go¨ttsche and Kool [19, Proposition 3.3] using [20,
Lemma 5.5] and an adaptation of [9] one has the following universality statement.
Proposition 5.1. The expression (89) is a universal polynomial in the topological in-
variants
β2i , βi · c1(S), βi ·D, β1 · β2, D
2, D · c1(S), c1(S)
2, c2(S).
with 1 ≤ i ≤ 2.
An analogous universality result for the type II contributions (88) is not readily
available, except for type II components associated to nested Hilbert scheme of
points with no divisorial twists, i.e. S[n1≥n2] := S
[n1,n2]
α with α = 0. In this case,
using [16, Theorem 6] the right hand side of (88) simplifies as follows.
For any pair (n1, n2) ∈ Z
2, n1, n2 ≥ 0, note that there is a natural closed embed-
ding ι : S[n1,n2] → S[n1] × S[n2] and a cartesian square
(91) S× S[n1,n2]
ι′
//
π

S× S[n1] × S[n2]
π′

S[n1,n2]
ι
// S[n1] × S[n2],
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where π,π′ are the natural projections. Then, as in [15, Definition 3.6] for any line
bundle M on S, let
E
n1,n2
M = [Rπ′∗M]− [RH omπ′(I
[n1], I [n2] ⊗M)].
Then the following holds
Lemma 5.2. The equivariant residual contribution of a Type II component T ∼= S[n1,n2]
is given by
(92)
DT
[n1,n2]
0 =
(−1)c1(S)·D/2+3D
2/2
2χ(L
2)(−s)χ(L2)+χ(L)−χ(L−1)∫
S[n1]×S[n2]
cn1+n2(E
n1,n2) ∪ e(T
S[n1]
⊗ L · t) e(T
S[n2]
⊗ L · t) e(En1,n2
KS⊗L−2
· t−2)
e(En1,n2
KS⊗L−1
· t−1) · e(En1,n2
L−1
· t−1)
,
Proof. The K-theory class En1,n2M·ta satisfies the pull-back property
(93) ι∗En1,n2M·ta
∼= [Rπ∗M]− [Rπ∗(I
[n1], I [n2] ⊗M · ta)]
since the universal sheaves I [ni] on S[n1,n2] are naturally isomorphic to the restric-
tion of the analogous objects from S[n1] × S[n2]. This implies that
ι∗e(En1,n2M·ta ) = e(Q
[n1,n2]
0 (M, a))
for any M and any a ∈ Z. Furthermore, as shown in [16, Lemma 5.4], the equi-
variant class Q[n1,n2]0 (M, a) is well behaved under good degenerations on S. For
completeness, note that the right hand side of (93) was denoted by K
[n1≥n2]
M·ta in [16,
Lemma 5.4], assumingwithout loss of generality that n1 ≥ n2. Moreover, the good
degeneration property is explicitly stated in [16, Remark 5.10].
In conclusion Theorem 6 in [16] applies to the present situation, leading to equa-
tion (92).

To conclude, applying [20, Lemma 5.5] to our situation, [16, Corollary 5.9, Re-
mark 5.10, Proposition 5.11, Appendix 5.A.] yield the following
Proposition 5.3. Each type II contribution DT
[n1,n2]
0 is a universal polynomial in the
topological invariants
β2i , βi · c1(S), βi ·D, β1 · β2, D
2, D · c1(S), c1(S)
2, c2(S).
with 1 ≤ i ≤ 2.
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6. Rank two calculations for local elliptic K3 surfaces
The goal of this section is to carry out explicit computations and formulate
a modularity conjecture for rank two invariants in a specific class of examples.
Namely, the surface S in Section 4 will be a smooth generic elliptic K3 surface in
Weierstrass form and the divisor D will be a positive multiple of the elliptic fiber
class.
6.1. Chamber structure for local elliptic surfaces. In this section Swill be a smooth
generic elliptic surface in Weierstrass form over the complex projective line C =
P1. It will be assumed that all singular fibers of S over C are nodal elliptic curves,
and there is at least one such fiber. In particular all fibers are irreducible and there
are no multiple fibers. Under these assumptions [10, Thm. 24, Ch. 7] shows that S
has trivial fundamental group, while Proposition 27, Ch. 7 in loc. cit. shows that
H2(X,Z) is torsion free. In particular H1(S,Z) = 0, hence H1(OS) = 0 as well.
Furthermore it will be assumed throughout this section that the Mordell-Weil
group of S is trivial. This implies that the Picard group of S is freely generated by
( f , σ), where F is the elliptic fiber class. Moreover, there is a natural isomorphism
Pic(S) ∼= H2(S,Z) which will be implicitly used below. Finally, [10, Thm. 15,
Ch. 7] shows that the canonical line bundle of such a surface is isomorphic to
KS ∼= OS(k f ) for some k ∈ Z, k ≥ −1. In this section it will be assumed that
k ≥ 0. Since the canonical section is isomorphic to the projective line, a simple
computation yields the intersection numbers:
(94) σ2 = −k− 2, f 2 = 0, σ · f = 1.
Moreover, note the following.
Lemma 6.1. Under the above assumptions,
(i) The cone effective divisors in Pic(S) is generated by (σ, f ), and
(ii) A real divisor class h = tσ+ u f in PicR(S), with t, u ∈ R is ample if and only if
0 < (k+ 2)t < u.
Proof. Suppose Σ ⊂ S is an nonempty irreducible curve on S and let [Σ] ∈
H2(S,Z) denote the associated curve class. Under the current assumptions, Pic(S) ∼=
H2(S,Z) is freely generated by (σ, f ). Therefore [Σ] = aσ + b f with a, b ∈ Z.
Since Σ is assumed irreducible, it can be either a multiple of a fiber of the projec-
tion π : S → C, or an irreducible finite-to-one cover of C. In both cases, note that
[Σ] · f ≥ 0, hence a ≥ 0. If a = 0, it follows that b > 0 since Σ is assumed effective,
non-empty.
Suppose a > 0. Since Σ is irreducible, and the Mordell-Weil group of S is trivial
by assumption, one of the following cases must hold:
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(a) Σ is set theoretically supported on the canonical section, in which case b = 0,
or
(b) Σ is not set theoretically supported on the canonical section, in which case
[Σ] · σ > 0. Using (94) this implies b > a(k + 2) > 0.
In conclusion, any effective irreducible curve class must be of the form aσ+ b f
with a, b ≥ 0. Hence the same holds for an arbitrary effective curve class, proving
(i). The second claim follows immediately from the intersection table (94).

Now, in the framework of Section 4, let S be as above, and let D = mf with m ≥
1. Hence the local fourfold X is the total space of the direct sum of line bundles
KS(mf ) ⊕OS(−mf ) ∼= OS((k + m) f ) ⊕OS(−mf ). Since m ≥ 1 by assumption,
Lemma 4.3 implies that any h-stable compactly supported pure dimension two
sheaf on X is scheme theoretically supported on Y. The main goal of the section
is to prove a global boundedness result for such sheaves with fixed topological
invariants. This will require a Bogomolov type inequality, which will be derived
below from the following categorical equivalence proven in [31, Proposition 2.2].
Let HiggsL(S) denote the abelian category of coherent Higgs sheaves on (E , φ)
on S, where E is a coherent sheaf on S and φ : E → E ⊗ L a morphism of OS-
modules. Let Cohc(Y) denote the abelian category of compactly supported co-
herent sheaves on Y. Recall that πS : Y → S denotes the natural projection and
ζ : H0(Y,π∗SL) is the tautological section. Then note that any object F in Cohc(Y)
determines a Higgs sheaf (E , φ) on S, where
• E = πS∗F , and
• φ : E → E ⊗ L is the pushforward of the natural map
ζ ⊗ 1F : F ⊗ π
∗
SL
−1 → F .
Then the following holds ([31, Proposition 2.2]).
Proposition 6.2. There is an equivalence of categories Cohc(Y)
∼
−→HiggsL(S) which
maps F to the pair (E , φ) constructed above.
Recall that the topological invariants of a compactly supported sheaf F on X
where defined in Section 4 as the Chen classes of E = g∗F encoded in the triple
γ(F) = (r(F ), β(F ), n(F )) ∈ Z⊕ H2(S,Z)⊕Z.
Then note the following consequence of Proposition 6.2, proven in [31, Lemma
2.9]:
Corollary 6.3. Let h ∈ PicR(S) be an ample real divisor class on S. Let F be a
compactly supported sheaf on Y with r(F ) > 0. Then F is h-(semi)stable if and only if
the associated Higgs sheaf (E , φ) is h-(semi)stable.
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Next note that the Bogomolov inequality holds for slope semistable Higgs sheaves
on S. As shown below, this follows from [1, Thm. 4.3], which is proven analyti-
cally. In order to show that the conditions of loc. cit are satisfied, one first needs
the following.
Lemma 6.4. Let h = tσ + u f a real ample class on S with 0 < (k + 2)t < u.
Let ωC be the standard Fubiny-Study Ka¨hler form on C = P
1. Then there exists a
Ka¨hler form ωh such that the Hodge class [ωh] ∈ H
1,1(S,R) is Poincare´ dual to h, and
ωh|C = (u− (k+ 2)t)ωC .
Proof. Since S is assumed to be in Weierstrass form, it admits a presentation as
a hypersurface of bi-degree (6(k+ 2), 3) in the toric variety
Z =
(
C2 × C3 \ (C2 × {0} ∪ {0} × C3)
)
/C× × C×
where the C× × C× action is given by
u v x y z
1 1 2(k+ 2) 3(k+ 2) 0
0 0 1 1 1
The divisor classes σ, f ∈ Pic(S) are obtained by restriction of toric divisors,
σ = Z|S, f = U|S
where U,Z are the toric divisors defined by u = 0 and z = 0 respectively. These
are the same as the standard generators of the Picard group of Z associated to the
two C× factors. Then the claim follows from the correspondence between toric
and symplectic Ka¨hler quotients. q.e.d.
The next result needed in the following is the existence of a suitable hermitian
structure on L.
Lemma 6.5. Let ωh be a Ka¨hler form on S as in Lemma 6.4. Then there exists a
hermitian structure on L and a hermitian connection with curvature γ such that the
contraction Λωhγ is pointwise positive semidefinite.
Proof. Note that L is the pull-back of the line bundle OC(m+ k). The latter ad-
mits a hermitian structure and a hermitian connection with curvature (m+ k)ωC.
The required structure on L is obtained by pull-back. q.e.d.
As usual for any rank r > 0 torsion free Higgs sheaf (E , φ) on S let
∆(E ) = c2(E )−
r− 1
2r
c1(E )
2.
Then the following holds.
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Lemma 6.6. Let (E , φ) be a µh-semistable rank r > 0 torsion free Higgs sheaf on S.
Then
∆(E ) ≥ 0.
Proof. First suppose E is locally free. Then Lemmas 6.4 and 6.5 show that the
conditions of [1, Thm. 4.3] are satisfied in the present situation. This implies the
result in this case. If E is torsion free but not locally free, the double dual Higgs
sheaf (E ∨∨, φ∨∨) is µh-semistable and locally free. Moreover, c2(E )− c2(E
∨∨) =
χ(E ∨∨/E ) > 0 while c1(E ) = c1(E
∨∨). q.e.d.
Using Lemma 6.6, one proves the following global boundedness result. Let F be
a µh-stable compactly supported sheaf on Y with invariants
(95) γ(F) = (r, β, n) ∈ Z⊕ H2(S,Z)⊕Z.
Suppose r > 0. According to Corollary 6.3, the associated Higgs bundle on S is
also µh-stable, hence n ≥ 0 by Lemma 6.6. Then one has:
Lemma 6.7. Suppose there exists t′ ∈ R, 0 < t′ < t, such that E is not µh′-semistable
for h′ = t′σ+ u f . Then
t
u
>
2
k+ 2+ 2r3∆(E)
Proof. Completely analogous to the proof of [41, Propposition 6.2] and [8, Lemma
4.7]. Uses the Bogomolov inequality and the algebraic Hodge index theorem on
S. q.e.d.
The main consequence of Lemma 6.7 is the absence of marginal stability walls
for sheaves F with fixed topological invariants (95) in the open chamber
t
u
<
2
k+ 2+ 2r3∆(E)
.
By analogy with [43, Lemma 1.2] and also [8, Proposition 1.2] this implies a
generic stability result for such sheaves. For completeness, this will be formulated
and proved below in detail. Several intermediate steps are necessary.
Let δ ⊂ C be the discriminant of the elliptic fibration, which, under the current
assumptions, consists of 12(k+ 2) pairwise distinct closed points.
Lemma 6.8. Let F be a compactly supported sheaf on Y with topological invariants
(95), where r > 0. Suppose there exists an open subset V ⊂ C \ δ such that FV =
F ⊗ q∗OV has pure dimension two. Then for any point p ∈ V there is an exact sequence
0→ F ⊗OY(−Yp)→ F → Fp → 0
where Yp ⊂ Y is the fiber Yp = π
−1
S (p), and Fp = F ⊗OYp . Moreover,
ch0(Fp) = 0, ch1(Fp) = r f , ch2(Fp) = β · f .
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Proof. Under the given assumptions, the scheme theoretic support of F is a
proper horizontal divisor in Y i.e. a compact finite-to-one cover of S which inter-
sects Yp along a curve. In particular the local tor sheaf T or
Y
1 (OYp ,F ) is set theo-
retically supported in dimension one, hence the natural map T orY1 (OTp ,F )→ F
must be identically zero for any p ∈ V, by the purity assumption for F . This
proves exactness. The Chern character follows by a straightforward computation
in the intersection ring of Y.

Remark 6.9. In the framework of Lemma 6.8 note that Yp ∼= Sp ×A1 is an elliptic
surface, and Fp is set theoretically supported on a finite set of elliptic fibers Yp over A
1.
In particular it has compact support. In the following a compactly supported sheaf G on
Yp with invariants
ch0(G) = 0, ch1(G) = rG f
will be called (semi)stable if and only if
ch2(G
′)/rG ′ (≤) ch2(G)/rG
for any proper nontrivial subsheaf 0 ⊂ G ′ ⊂ G with invariants
ch0(G) = 0, ch1(G) = rG ′ f , rG ′ > 0.
Next note the following lemma, which follows from Theorems 2.1.5 and 2.3.2 in
[26].
Lemma 6.10. Let F be a compactly supported pure dimension two sheaf on Y with
invariants (r, β, n), r > 0. Then there exist an open subset V ⊂ C \ δ and a relative
Harder-Narasimhan filtration
(96) 0 ⊂ F1 ⊂ · · · ⊂ Fl = FV
such that all successive quotients are flat over V.
Using Lemma 6.10, one next proves:
Lemma 6.11. Let F be a compactly supported sheaf on Y of pure dimension two with
invariants (r, ℓ f , n), r > 0, ℓ ∈ Z. Suppose F is µh-semistable and
(97)
t
u
<
2
k+ 2+ 2nr3
.
Then there exists an open subset V ⊂ C \ δ such that the restriction Fp = F |Yp is
semistable for any closed point p ∈ V.
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Proof. This statement is analogous to [43, Lemma 1.2] and also [8, Proposition
1.2]. The proof is given below for completeness.
Let F be a sheaf as in Lemma 6.11 and let V ⊂ C \ δ be the open subset of
Lemma 6.10. By construction the succesive quotients of the fitration (96) are flat
over V and the filtration restricts to a Harder-Narasimhan filtration for Fp on
each fiber Yp, p ∈ V. Using [25, Ex. 5.15(d)], this filtration extends to a filtration
of sheaves
0 ⊂ F 1 ⊂ · · · ⊂ F l = F
on Y. Let
γ(F 1) = (r1, β1, n1) ∈ Z⊕ H2(S,Z)⊕Z.
be the invariants of F 1. By construction, r1 > 0. Using Lemma 6.8, one finds
ch0(F 1,p) = 0, ch1(F 1,p) = r1 f , ch2(F 1,p) = β1 · f .
At the same time
ch0(F p) = 0, ch1(F p) = r f , ch2(F p) = 0.
Therefore one must have
β1 · f ≥ 0.
However, by assumption, F is µh-slope semistable for any t > 0 satisfying in-
equality (100). This implies that
β1 · f ≤ 0
Therefore β1 · f = 0, which implies that Fp is semistable.

6.2. Type II fixed loci for elliptic K3 surfaces. Lemma 6.11 has important con-
sequences for the structure of type II fixed loci, assuming S to be an elliptic K3
surface. In this section the rank will be fixed, r = 2. Recall that each connected
component of the type II fixed locus is isomorphic to a nested Hilbert scheme
S
[n1,n2]
(β1 ,β2+c1(L))
parameterizing flags of twisted ideal sheaves I1⊗ L1 ⊂ I2 ⊗ L2 ⊗ L.
Here Ii, 1 ≤ i ≤ 2 are ideal sheaves of zero dimensional subschemes of S and
L1, L2 are line bundles on S such that
c2(Ii) = ni, c1(Li) = βi, 1 ≤ i ≤ 2.
Moreover, the topological invariants (n1, n2), β1, β2 are subject to the conditions
specified in equation (86) as well as (I I.a) and (I I.b) below (86). In particular the
curve class α = β2 + c1(L)β − 1 must be effective. As shown in [15, Section 3.1],
the associated stable sheaf F on Y is then an extension of OY-modules
(98) 0→ I2 ⊗ L2 ⊗ L → F → I1 ⊗ L1 → 0.
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For completeness note that this also follows from Proposition 2.2 in [31]. Denot-
ing the injection I1 ⊗ L1 ⊂ I2 ⊗ L2 ⊗ L by ϕ, each such triple determines a Higgs
sheaf (E , φ) on S with
E = I1 ⊗ L1 ⊕ I2 ⊗ L2, φ =
(
0 0
ϕ 0
)
.
Then [31, Proposition 2.2] implies that the associated sheaf on F must be an ex-
tension of the form (98).
For an elliptic surface as above, each class βi is of the form βi = aiσ + bi f ,
1 ≤ i ≤ 2. Then Lemma 6.11 yields the following.
Lemma 6.12. Let F be an extension of the form (98) corresponding to a flag of twisted
ideal sheaves I1 ⊗ L1 ⊂ I2 ⊗ L2 ⊗ L with α = β2 + c1(L)− β1 effective. Suppose F is
µh-semistable, a1 + a2 = 0, and
(99)
t
u
<
2
k+ 2+ 16n
.
Then a1 = a2 = 0.
Proof. As shown in Lemma 6.11, under the given conditions, F has to be µh-
semistable for all polarizations h′ = t′σ+ u f , with 0 < t′ < t. This implies a2 ≤ 0.
Since α is assumed effective, Lemma 6.1 implies that a1 = a2 = 0.

Lemma 6.13. Let S be an elliptic K3 surface in Lemma 6.12. Let F be a µh-semistable
extension of the form (98) with β1 = b f , β2 = (1− b) f . Moreover, suppose that
(100)
t
u
<
1
8n+ 1
.
Then the following inequalities hold
(101) 1 ≤ b ≤ (m+ 1)/2.
Proof. In this case α = (m+ 1− 2b) f . Since this must be effective by assumption,
2b ≤ m+ 1. Moreover, condition (I I.b) below equation (86) implies b ≥ 1.

In conclusion, using equation (86), Lemma 6.13 yields:
Lemma 6.14. Let S be a smooth generic elliptic K3 surface in Weierstrass form and let
γ = (2, f , n) be a triple of topological invariants with n ≥ 0. Suppose inequality (100) is
satisfied. Then the type II fixed locus is a union
(102) Mh(X,γ)
T
I I =
⋃
1≤b≤(m+1)/2
⋃
n1,n2≥0
n1+n2=n
n1≥n2 if b=(m+1)/2
S
[n1,n2]
(m+1−2b) f
.
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6.3. Partition functions and modularity conjectures. In this section S will be a
smooth generic elliptic K3 surface in Weierstrass form. Recall that X is the total
space KS(D), which in this case is isomorphic to OS(mf ), m ≥ 1. For any triple
γ = (2, f , n), with n ≥ 0, let
DT∞(X,γ)I = DTh(X,γ)I , DT∞(X,γ)I I = DTh(X,γ)I I ,
for any polarization h = tσ+ u f satisfying inequality (100). Lemmas 6.7 and 6.14
show that these invariants are independent of the choice of h as long as inequality
(100) is satisfied. Then let
Z∞(X, 2, f ; q)I = ∑
n≥0
DT∞(X, 2, f , n)Iq
n−2
and
Z∞(X, 2, f ; q)I I = ∑
n≥0
DT∞(X, 2, f , n)I Iq
n−2
the generating functions of such invariants. Note that a priori the above expres-
sions are elements of q−2Q(s)[[q]] ⊂ Q(s)[[q−1, q]].
Proof of Proposition 1.3. Recall that Proposition 1.3 claims that Z∞(X, 2, f ; q)I
belongs to Q(s)[[q]] ⊂ Q(s)[[q−1, q]] and that the following identity holds in
Q(s)[[q1/2 ]]:
(103) Z∞(X, 2, f ; q)I =
s−1
2
(∆−1(q1/2) + ∆−1(−q1/2))
In order to prove this note that the type I contributions are given by equation (87),
which is reproduced below fro convenience:
DTh(X,γ)I =
∫
[Mh(S,γ)]
vir
0
1
e (RH omπ(E,E⊗ L · t))
.
Under the current assumptions Proposition 5.1 shows that the virtual integral in
the right hand side is independent of L ∼= OS(mf ) since
D2 = D · c1(S) = D · β = 0.
As a result, the above integral equals
DTh(X,γ)I =
∫
[Mh(S,γ)]
vir
0
1
e (RH omπ(E,E ⊗ t))
.
As explained in [15, Remark. 2.10], these invariants are related to the Vafa-Witten
invariants VWh(S,γ) defined in [31] by
DTh(X,γ)I = s
−1VWh(S,γ).
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Moreover, Proposition 7.4 of loc. cit. shows that under the present assump-
tions, the latter are given by the topological Euler character of the moduli space
Mh(S,γ), which is in this case smooth. In conclusion, one has
DTh(X,γ)I = s
−1χtop(Mh(S,γ)).
Finally, note that the moduli spaceMh(S,γ) is shown in [30] and [26, Section 6] to
be deformation equivalent to the Hilbert scheme S[2n−3]. In particular the moduli
space is empty for 0 ≤ n ≤ 1, which proves that indeed the series Z∞(X, 2, f ; q)I
belongs to Q(s)[[q]] ⊂ Q(s)[[q−1, q]]. Moreover, identity (103) follows by straight-
forward computations from Goettsche’s formula.

Proposition 6.15. Under the same conditions as in Lemma 6.13, the type II contribu-
tions DT∞(X,γ)I I vanish for m even, and reduced to
(104) DT∞(X,γ)I I = ∑
n1≥n2≥0
n1+n2=n
DT
[n1,n2]
0
for m odd.
Proof. Note that for 1 ≤ b ≤ (m + 1)/2 one has h0(S,OS((m + 1− 2b) f ) > 0
and
h2(S,OS((m+ 1− 2b) f ) =
{
0, if 2b < m+ 1,
1, if 2b = m+ 1.
This shows that under to given assumptions all type II fixed loci on S satisfy the
vanishing conditions of [15, Thm. 7] for 2b < m+ 1, i.e.
h0(S,OS(m+ 1− 2b)) > 0, h
2(S,OS(m+ 1− 2b)) = 0
If 2b = m+ 1, one has α = 0, hence all type II components satisfying this condition
are isomorphic to nested Hilbert schemes without divisorial twists. The condition
n1 ≥ n2 comes from equation (102).

In conclusion, for m even, the partition function Z∞(X, 2, f ; q) equals the gener-
ating function of type I contributions (103). For m odd one obtains the additional
type II contributions (104). Each term in this formula is an equivariant residual
integral of the form (92). Again, Proposition 5.3 shows that under the present con-
ditions, the integrals (92) are independent of m since D2 = D · c1(S) = D · β = 0.
Therefore each integral (92) is in fact equal to its m = 0 counterpart. There is
no contradiction here, since the condition that m be odd only occurred as a selec-
tion rule for type II contributions in Lemma 6.14 and Proposition 6.15. Once that
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is done, the resulting integrals (92) can be computed in isolation since they are
certainly well defined for any value of m, in particular m = 0.
Setting m = 0 in (92), as explained in [15, Remark 2.10], the resulting invari-
ants formally coincide up to an equivariant factor to the type II Vafa-Witten invari-
ants defined and computed in Sections 8.7-8.9 of [31]. It should be emphasized
that while the resulting virtual integrals are formally the same, the theoretical
framework for these two computations is not the same. In the framework of this
paper the type II contributions studied in [31] occur in the local fourfold theory
with L = KS where S is a general type surface with c1(S) 6= 0 and primitive. In
particular such contributions are ruled out by stability for local K3 surfaces with
L = KS ∼= OS and for primitive invariants γ. The main point of the above ar-
gument is to point out that formally identical equivariant integrals also occur in
the L = KS(mf )-twisted theory with S a K3 surface, at least if m is odd. In the
latter case they are allowed by the stability conditions, as shown in Lemma 6.14.
In conclusion, while the context is different, the resulting contributions are for-
mally identical up to a factor of s−1, which was explained in [15, Remark 2.10].
Therefore the computations in Sections 8.7-8.9 of [31] lead to Conjecture 1.4.
Appendix A. Background results
A.1. Adjunction.
Lemma A.1. Let W be a quasi-projective scheme over C and let V be the total space of
a line bundle Q on W. Let σ : W → V denote the zero section. Let C• be an object of
Db(W). There is an isomorphism
(105) Lσ∗Rσ∗C
• ∼= C• ⊕ C• ⊗Q−1[1]
in Db(W). Moreover, given any objects C•1 ,C
•
2 in D
b(W), there is a splitting
(106)
RH omD b(V)(σ∗C
•
1 , σ∗C
•
2)
∼= Rσ∗RH omD b(W)(C
•
1 ,C
•
2)⊕
Rσ∗RH omD b(W)(C
•
1 ⊗Q
−1,C•2)[−1]
in Db(W).
Proof. Since W is quasi-projective, C• has a quasi-coherent, possibly infinite,
locally free resolution F•C• . Let p : V → W be the canonical projection, which
is affine and flat. Let ζ ∈ H0(V, p∗Q) denote the tautological section. Then the
locally free complex
Cone(1F•
C•
⊗ ζ : p∗(F•C• ⊗ p
∗L−1) → p∗F•C•)
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is quasi-isomorphic to Rσ∗C. Since the zero locus of ζ coincides with the image of
the zero section σ,
Lσ∗Rσ∗C ∼= σ
∗F•C• ⊕ F
•
C• ⊗Q
−1[1].
This proves equation (105).
Next, [24, Prop. II.5.10] shows that for any objects C•1 ,C
•
2 of D
b(W) there is a
natural isomorphism
Rσ∗RH omD b(W)(Lσ
∗Rσ∗C
•
1 ,Rσ∗C
•
2 )
∼= RH omD b(V)(Rσ∗C
•
1 ,Rσ∗C
•
2 ).
Then equation (106) follows from (105).

A.2. Products and diagonals. This section consists of some background results on
product schemes needed in the proof of Theorem 2.5.
LemmaA.2. SupposeW1,W2 are quasi-projective over C and let G1 be a coherent sheaf
onW1. Then π
∗
W1
G1 is flat over W2 and the derived pull-back Lπ
∗
W1
G1 is isomorphic to the
ordinary pull-back π∗W1G1. Moreover, for any coherent sheaves Gi on Wi with 1 ≤ i ≤ 2,
one has the transversality result
(107) T orkW1×W2(π
∗
W1
G1,π
∗
W2
G2) = 0
for k ≥ 1. In particular, given any the derived tensor product Lπ∗W1G1 ⊗
L Lπ∗W2G2 is
isomorphic to the ordinary tensor product π∗W1G1 ⊗ π
∗
W2
G2.
Proof. This follows from the cartesian diagram
W1 ×W2
πW1
//
πW2

W1
f1

W2
f2
// Spec(C).
Since f2 is flat, there is an isomorphism πW2∗π
∗
W1
G1 ∼= f
∗
2 f1∗G1, while f1∗G1 is
obviously locally free on Spec(C). Moreover, πW1 is flat since f2 is flat, which
implies the second statement.
Since both schemes are quasi-projective, the sheaves G1,G2 admit locally free
resolutions. Then the transversality result follows immediately from the first two
statements.

Lemma A.3. Let W1,W2 be quasi-projective schemes over C and let W = W1 ×W2.
Let C• be a complex of coherent sheaves on W2. Then there is a canonical isomorphism
(108) ∆W∗π
∗
W2C
• ∼= O∆W1
⊠ ∆W2∗C
•.
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Proof. Consider the commutative diagram
W
∆W
//
πW2

W ×W
πW2×W2

W2
∆W2
//W2 ×W2.
and note the canonical isomorphism
C• ∼= ∆∗W2∆W2∗C
•.
This implies
π∗W2C
• ∼= π∗W2∆
∗
W2
∆W2∗C
• ∼= ∆∗Wπ
∗
W2×W2
∆W2∗C
•.
Hence
∆W∗π
∗
W2
C• ∼= ∆W∗∆
∗
Wπ
∗
W2×W2
∆W2∗C
• ∼= π∗W2×W2∆W2∗C
•/I∆Wπ
∗
W2×W2
∆W2∗C
•
∼= O∆W ⊗ π
∗
W2×W2
∆W2∗C
•
However, LemmaA.2 implies that the scheme theoretic intersection ofπ−1W1×W1(∆W1)
and π−1W2×W2(∆W2) is transverse and coincides with ∆W . Therefore
O∆W ⊗ π
∗
W2×W2
∆W2∗C
• ∼= (O∆W1
⊠O∆W2
)⊗ π∗W2×W2∆W2∗C
•
∼= O∆W1
⊠ π∗W2×W2∆W2∗C
•.

Lemma A.4. Let W1,W2 be quasi-projective schemes over C and let W = W1 ×W2.
Then there are canonical exact sequences of OW×W-modules
(109) 0→ I∆W1
⊠OW2×W2
jW
−→ I∆W
γW−→ O∆W1
⊠ I∆W2 → 0
and
(110) 0→ I∆W1
⊠ I∆W2
δW−→ I∆W1
⊞ I∆W2
ρW
−→ I∆W → 0
where the δW is the antidiagonal map defined by multiplication, and γW, ρW are the
natural projections. Moreover, there is a commutative diagram
(111) I∆W1
⊞ I∆W2
ρW
//
(0, fW1⊠1)

I∆W
γW

O∆W1
⊠ I∆W2
1
// O∆W1
⊠ I∆W2
,
where fW1 : OW1×W1 → O∆W1
is the canonical projection.
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Proof. Note that I∆W = π
∗
W1×W1
I∆W1
+π∗W2×W2I∆W2 , the sum of ideal sheaves on
W ×W. In particular there is a canonical exact sequence
0→ π∗W2×W2I∆W2 → I∆W → π
∗
W1×W1
I∆W1
/(π∗W1×W1I∆W1
∩ π∗W2×W2I∆W2) → 0.
Moreover, Lemma A.2 shows that π∗W1×W1I∆W1
is flat overW2 ×W2, and the pull-
back of the canonical exact sequence
0→ I∆W2
→ OW2×W2 → O∆W2
→ 0
toW ×W remains exact. This yields an isomorphism
π∗W1×W1I∆W1
/(π∗W1×W1I∆W1
∩ π∗W2×W2I∆W2)
∼= I∆W1
⊠O∆W2 .
For the second sequence, the relation I∆W = π
∗
W1×W1
I∆W1
+ π∗W2×W2I∆W2
yields
the canonical exact sequence
0→ π∗W1×W1I∆W1
∩ π∗W2×W2I∆W2 → I∆W1
⊞ I∆W2 → I∆W → 0.
Moreover, Lemma A.2 implies that the multiplication map
I∆W1
⊠ I∆W2
→ π∗W1×W1I∆W1
∩ π∗W2×W2I∆W2
is an isomorphism.
Diagram (111) follows immediately by construction.

Corollary A.5. Under the same conditions as in Lemma A.4 the map ρW in (110)
induces an isomorphism
(112) ρ¯W : I∆W1
/I2∆W1
⊠O∆W2 ⊕O∆W1
⊠ I∆W2/I
2
∆W2
∼
−→I∆W/I
2
∆W
.
Moreover, there is a commutative diagram
(113) I∆W1
/I2∆W1
⊠O∆W2 ⊕O∆W1
⊠ I∆W2/I
2
∆W2
ρ¯W
//
(0,1)

I∆W/I
2
∆W
γ¯W

O∆W1
⊠ I∆W2/I
2
∆W2
1
// O∆W1
⊠ I∆W2/I
2
∆W2
where γ¯W : I∆W/I
2
∆W
→ O∆W1
⊠ I∆W2/I
2
∆W2
is the natural projection determined by
γW : I∆W → O∆W1
⊠ I∆W2 .
Proof. Note that the image of the map δW in (110) is contained in the subsheaf
(I∆W1
⊠OW2×W2) ∩ I
2
∆W
⊕ (OW1×W1 ⊠ I∆W2) ∩ I
2
∆W
⊂ I∆W1
⊠ I∆W2 .
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Then the exact sequence (110) yields the following commutative diagram
(114) 0 // I∆W1
⊠ I∆W2
δ′W
//
1

(I∆W1
⊠OW2×W2) ∩ I
2
∆W
⊕
(OW1×W1 ⊠ I∆W2 ) ∩ I
2
∆W
ρ′W
//

I2∆W
//

0
0 // I∆W1
⊠ I∆W2
δW
// I∆W1
⊞ I∆W2
ρW
// I∆W
// 0
with exact rows, where δ′W is naturally determined by δW and ρ
′
W is the restriction
of ρW . Moreover, note that
I2∆W = I
2
∆W1
⊠OW2×W2 + I∆W1
⊠ I∆W2
+OW1×W1 ⊠ I
2
∆W2
.
Therefore there are canonical isomorphisms
(I∆W1
⊠OW2×W2) ∩ I
2
∆W
∼= I2∆W1
⊠OW2×W2 + I∆W1
⊠ I∆W2
and
(OW1×W1 ⊠ I∆W2) ∩ I
2
∆W
∼= I∆W1
⊠ I∆W2 +OW1×W1 ⊠ I
2
∆W2
These yield further isomorphisms
I∆W1
/(I∆W1
⊠OW2×W2) ∩ I
2
∆W
∼= I∆W1
/I2∆W1
⊠OW2×W2
and
I∆W2/(I∆W1
⊠OW2×W2) ∩ I
2
∆W
∼= OW1×W1 ⊠ I∆W2/I
2
∆W2
Then isomorphism (112) follows from (114) by the snake lemma. Diagram (113)
follows from (111).

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